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SYNOPSIS 


Minimum Audible Pressure Variation for Tones of 60 to 4,000 Cycles.—The rather 
discordant results obtained by other investigators are briefly reviewed and are sum- 
marizedin Fig.1. Inthe present research an attempt was made to get results witha 
definite dynamical significance. A special air-damped telephone receiver held 
tightly to the ear, was excited by an alternating current of variable frequency from a 
vacuum tube oscillator provided with special low pass filters to eliminate upper har- 
monics, and the current strength was changed logarithmically by means of a special 
attenuator until the threshold was reached. The observations were made in a 
special sound proof room whose construction is described. The probable error is about 
25 per cent. To reduce the results to absolute units, the system was calibrated in 
two ways, both involving the substitution of a condenser transmitter for the ear, the 
source of sound being a telephone receiver in one case and in the other a small ther- 
mal receiver inserted in the ear meatus or in a similar cavity in front of the condenser 
transmitter. Mechanical analogues of the vibrating systems involved in these measure- 
ments are described in an Appendix to help make the dynamics clear. While the 
unknown mechanical constants of the inner ear introduce some uncertainty, the 
agreement of the two calibrations indicates that the error is not large. Frequency- 
sensitivity curves were obtained for approximately 100 normal and 20 abnormal ears. 
So-called normal ears were found to vary widely in relative frequency sensitivity and 
in absolute sensitivity, and some audiograms show interesting individual peculiari- 
ties. But onthe average, the minimum audible pressure variation increases regularly 
from about 0.15 dyne/cm.? at 60 cycles to 0.001 dyne/cm.? at 1,000 cycles and is then 
approximately constant up to at least 4,000 cycles. 

Variation of Sensitivity with Deafness.—People who require throughout the speech 
range (600 to 4,000 cycles) about 0.1 dyne/cm.? are called slightly deaf; those requir- 
ing 1 dyne/cm.? can still follow ordinary conversation; those requiring 10 dynes/cm.? 
need ear trumpets or other amplifying devices, and those requiring 1,000 dynes/cm.? 
are totally deaf. 

Attenuator for Varying the Current from an Oscillating Tube through Wide Ranges 
was constructed. It consists essentially of an artificial transmission liné with resistance 
sections of series and shunt arms, so designed as to eliminate interfering effects be- 
tween the variouselements. The range of variation obtained is three million fold. 


LARGE amount of work has been done during the last fifty years 


in an endeavor to determine in absolute terms the minimum 


amount of sound that the human ear can perceive. The results obtained 
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by different investigators have varied throughout a very wide range. 
Two causes contributed to this: namely, that adequate apparatus was 
not available, and it was not appreciated that so-called normal ears vary 


so widely in their ability to hear. 

It is important for the proper engineering of the telephone plant to 
know in absolute terms the sensitiveness of the ears of the average tele- 
phone user. For this reason this investigation was undertaken. 

In 1870 Toepler and Boltzmann! made a determination of earsensi- 
tivity. The amplitude of vibration of the air particles in an organ pipe 
was determined by light interference methods. From the distance to 

the source at which sound was just audible it was possible to determine 
the amplitude of vibration of the tone at the threshold of audibility. 
The results of their measurements together with those to be described 


below are given in Fig. 1. 
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Fig. 1. 


It will be noticed that the root mean square value of the pressure is 
plotted on logarithmic paper. This is necessary because of the wide 
range of pressures involved. The scale is arranged so that points high 


up on the plot indicate high ear sensitivity. The ordinates for all of 
the audiograms—sensitivity frequency curve for the ear—which are to 
be given later, are drawn on this same scale. 

In 1877 Lord Rayleigh? used a whistle as a source of sound and calcu- 
lated the energy emitted by it, from the pressure used in blowing it. He 
also used a tuning fork mounted on a resonator. From the difference in 


1 Ann. der Phys., Vol. 141, p. 321, 1870. 
2 Proceedings of Royal Society, Vol. 26, p. 248, 1877. 
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the decay constants of the fork suspended freely in the air and mounted 
on the resonant box, it was possible to calculate approximately the 
energy emitted by the box. He made a third measurement using a tele- 
phone receiver as a source. The deflection of the diaphragm for direct 
current was considered the same as for an alternating current when the 
period was far below the natural period. The former was measured 
microscopically and consequently when the volume of air enclosed in 
the ear is known it is possible to calculate approximately the change in 
pressure on the ear drum from the current flowing in the receiver. 

In 1883 Wead! used a vibrating tuning fork in an open field as a source 
of sound. The amplitudes of vibration were made large enough to be 
directly measured. From the decay constants and the time elapsed 
before the tone disappeared the absolute values given on the sketch 
were determined. 

In 1889 Wien? used a telephone receiver as a source of sound, making 
measurements of the amplitude of vibration for loud sounds. By 
assuming that the amplitude increases proportionally with the current it 
is possible to calculate the amplitude of vibration of the diaphragm at 
the threshold of audibility. He observed results through a range of fre- 
quencies from 50 to 16,000 cycles. The dotted curve in Fig. 1 shows his 
results. 

In 1904 Webster*® used for his source a so-called “ Phone,” an instru- 
ment so constructed that the emission of sound energy can be calculated. 
He obtained the value of the ear at 250 cycles of 9.0 X 10~* dynes per 
square centimeter. 

In 1905 Abraham‘ used as a source of sound a telephone receiver at- 
tached to a brass cylinder, the diaphragm forming its base and an ear- 
piece its top. The change in pressure in the cylinder for a direct current 
in the receiver was determined by a sensitive manometer. He obtained 
approximately the same sensitivity for the two frequencies 250 and 500 
cycles. These frequencies were well below the natural period so that the 
same proportionality factor was used for obtaining the pressure change 
as was obtained by the direct current measurement. 

In 1921 Kranz® used a thermal receiver as a source of sound. From 
the theory of the thermal receiver and the volume of air enclosed in the 
ear he calculated the ear sensitivity at 2,048 cycles per second to be 
9.6 X 10-4 dynes per square centimeter. 


1 American Journal of Science, 131, Vol. 26, p. 177, 1883. 
2 Ann. der Phys., Vol. 36, p. 834, 1889. 

3 Festschr., F. L. Boltzmann, Leipsig, 1904, p. 1866. 

4 Comptes Rendus, Vol. 144, p. 1099, 1907. 

5 Puys. REv., (2) XVII, p. 384, 1921. 
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The results of these various observers are collected together and shown 
in Fig. 1. It is seen that there is a very wide range between the results 
of the different observers. For comparison the results which were ob- 
tained by us are shown by the heavy line. 

The development of the vacuum tube amplifier and oscillator, conden- 
ser transmitter and thermal receiver has given us precision apparatus 
which has made it possible to make accurate measurements of ear sen- 
sitivity. In this investigation for most of the measurements the source 
of sound was an air-damped telephone receiver. This was held tightly 
against the ear and by means of a special vacuum tube oscillator alter- 
nating current at different frequencies supplied to it. The current was 
then reduced by means of a specially constructed current attenuator 
until the tone in the receiver was just audible. 

All of the measurements were made in a room which was especially 
constructed to eliminate all outside noises. The top, the bottom, and 
the sides of this room were built of a number of alternate layers of loose 
felt and sheet iron, the final inside layer being felt covered with cloth. 
It is extremely important that all noise interference be eliminated in 
making measurements near the threshold of audibility. In a room hav- 
ing the ordinary noises from the street the threshold point may be shifted 
to ten times its value in a quiet place, and in very noisy places this may 
be increased to 1,000 times. 

The construction of the attenuator played an important réle in mak- 
ing it possible to determine accurately the threshold of audibility. It 
consists essentially of an artificial transmission line having resistance 
sections of series and shunt arms. It is so designed mechanically that 
the terminals of the receiver can be placed across this line and moved 
along it at will. This is accomplished by simply moving a single dial 
switch, the complete scale of which represents a variation in current of 
more than three million fold. The network is so designed that each 
step corresponds to a certain fractional decrease in potential across the 
receiver terminals. As the contacts are moved uniformly from the in- 
put end toward the output end of the network the intensity of sound 
coming from the receiver decreases logarithmically. Considerable diffi- 
culty was encountered in the construction of this attenuator owing to the 
high attenuations involved. It was only after considerable experiment- 
ing and adjusting that it was possible to eliminate interfering effects due 
to the capacity between the various elements and to the small resistance 
in the heavy lead wires. A schematic circuit drawing and a photograph 
of the complete attenuator is given in Fig. 2. - 

The air-damped telephone receiver was constructed so that the dia- 
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phragm was damped by a small film of air in a manner similar to that 
used in the capacity transmitter as described by Crandall and Wente. 
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Fig. 2. 


The vacuum tube oscillator was equipped with special low pass filters. 
These were designed so that all harmonics produced in the oscillator were 
reduced in amplitude more than one thousand times before they entered 
the attenuator. It is important that such precautions be taken espec- 
ially at the low frequencies for it will be seen from the results which were 
obtained that a tone at 1,000 cycles per second requires only 1/60th as 
much pressure variation for audition as for a tone at 100 cycles per second. 
Two methods of calibrating this system were used, both depending 
upon the calibration of the condenser transmitter. The method of cali- 
brating the latter has been described by Crandall! and Wente.?_ It con- 
sists essentially in determining the voltage generated with a measured 
pressure change in the diaphragm. The calibration obtained by means 
of an enclosed thermal unit was checked at low frequencies by an alter- 
nating pressure produced by a positively driven piston and at 600 and 
1,000 cycles it was further checked by calculation*® from the motional 
impedance of a permanent magnet receiver which was clamped tightly 
over the condenser transmitter. 

The first method of calibration was made possible by the construction 
of a high-quality telephone system described in a paper given at the Wash- 
ington meeting of the Physical Society, April 23, 1920. A schematic dia- 

1 Crandall, Puys. Rev.. (2) XI, p. 449 (1918). 


2 Wente, Puys. REv., (2) X, p. 39. I917. 
3R. L. Wegel, Journal A. I. E. E., Oct., 1921. 
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gram of this circuit is given in Fig. 3. By adjusting the potentiometer it 
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Fig. 3. 


was possible to make the tone coming from the system receiver B (Case 
I.) sound exactly as loud as that produced when the ear was held in the 
same position as the condenser transmitter (Case II.). This reading: of 
the attenuator was found for all frequencies from 100 to 2,000 cycles. 
Since the sound energy striking the condenser transmitter was known in 
terms of the voltage generated by it, the energy going from the receiver 
of the system into the ear of the observer could then be calculated from 
the potential difference at the terminals of the condenser transmitter and 
the reading of the attenuator. 

To make a measurement a potential difference of known magnitude 
and frequency was applied at the terminals of the condenser transmitter 
and sufficient attenuation was introduced into the system to make the 
sound from the receiver inaudible. The attenuation was then gradually 
removed until the sound just became audible. From the amount of 
attenuation for this condition and the voltage impressed upon the termi- 
nals of the condenser transmitter the pressure variation in the ear was 
calculated. Four or five readings were taken in this way which gave an 
average value having a probable error of 20 or 30 per cent. in the deter- 
mination of the pressure variation. This method was used for making 
tests with 11 different observers—seven men and four women, through a 
range of frequencies from 130 to 2,000 cycles per second. The average 
of the results is shown by curve I in Fig. 4. 

In the second method of calibration a thermal receiver unit small 
enough to be inserted in the external auditory meatus of the ear and com- 
pletely close it, was used. It consisted of a series of short Wollaston 
wires enclosed in a small brass capsule with small holes communicating 
with the outside air. A small chamber was made in front of the cali- 
brated condenser transmitter diaphragm equal in volume to that of the 
external ear. The thermal receiver was inserted in a hole in this chamber 
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in such a way as to make it airtight. A sketch showing the details of the 
coupling between the condenser transmitter and thermal receiver is shown 
at the bottom of Fig. 5. 
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The relation between the voltage impressed upon the thermal receiver 
and the pressure exerted by it on the condenser transmitter diaphragm 
was then determined experimentally. The apparatus used in this work 
is illustrated in Fig. 5. 
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Fig. 5. 


By means of this arrangement a known electromotive force is intro- 
duced into the condenser transmitter circuit which is equal to that gen- 
erated by the condenser transmitter when actuated by the thermal re- 
ceiver. This equality is established by listening at the receiver B. By 
means of the switches the tone from this receiver is first produced by the 
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condenser transmitter and then by current through the attenuator. 
When the latter is adjusted so that the tone sounds equally loud from 
either source it is evident that the equality is established. In this way 
a calibration curve was made showing the pressure variation produced 
by the thermal receiver unit against the condenser transmitter at various 
frequencies when a unit e.m.f. is impressed upon the thermal receiver circuit 
contained in the box T. 

The first thermal receiver unit which was used had a single aperture 
in the brass capsule of approximately .1 millimeter in diameter. The cali- 
bration curve for this receiver is shown as curve a in figure 6. An addi- 
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tional hole was drilled in the receiver and then it was recalibrated, the 
curve b showing the result. Similarly, by drilling more holes in the re- 
ceiver the calibration curves c and d were obtained. The shifting of the 
resonant peak in this manner is explained by Rayleigh’s formula which 
gives the resonant frequency of an enclosed sphere of air having a small 
opening. According to this formula 


a oa 

i 2m \ V 
where f is ‘the resonant frequency in cycles per second; a the velocity of 
sound in air; C the diameter of the connecting circular aperture and V 


the volume of the resonator. In this experiment the volume of the en- 
closed air was approximately 1 cubic centimeter. By applying the for- 
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mula and using this figure and .1 centimeter for the circular aperture the 
resonant frequencies for A and B calculate to be 1,710 and 2,400 respec- 
tively, which agrees with the observed result. Curves c and d were 
finally used for calibrating the air-damped receiver system. 

Using these two thermal receivers the minimum audible pressure was 
calculated from the minimum audible current when the thermal receiver 
was inserted in the ear. Simultaneous measurements were made with 
five people using first the air-damped receiver and then the thermal re- 
ceiver. From a comparison of the results the latter system was 
calibrated. The probable observational error in this determination was 
found to be 8 per cent. in the range of frequencies from 500 to 3,000 cycles. 

It is seen from the manner in which the measurements were made that 
the first method of calibration gives directly the pressure variation at the 
opening of the external ear provided only that the ear reflects the sound 
waves the same as does the condenser transmitter when placed in the 
same position. Also in the second method the pressure variation which 
is computed is that which would be exerted upon the ear drum provided 
that it had the same stiffness as the condenser transmitter diaphragm. 
Since the ear drum moves and its mechanical impedance at some fre- 
quencies may be comparable with that of the ear chamber the actual 
pressure variation against the ear drum may be somewhat less than that 
given in the curves.'' As a matter of fact the two methods give approxi- 
mately the same results as is indicated by the two curves I and 2 in Fig. 
4. This agreement seems to indicate that the pressures which are given 
are not very greatly different from those which are actually exerted upon 
the ear drum. As indicated by these curves the average sensitivity for 
normal ears varies from .15 dyne at 60 cycles to .oo1 dyne at 1,000 cycles. 
Between 1,000 and 4,000 cycles per second the sensitivity is approxi- 
mately constant and equal to .oo1 dyne per square centimeter. 
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Fig. 7. 


1 For a discussion of the mechanical reactions involved see the Appendix. 
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Figure 7 shows a typical audiogram for a person of normal hearing. 
At any given frequency, the average sensitivity for all the observers of 
normal hearing as shown in Fig. 4, was used as the norm in plotting this 
and succeeding audiograms. Fig. 8 gives the audiograms of twenty 
women. A set of curves for twenty-one men were taken which was 
practically a duplicate of Fig. 8. The probable observational error is 
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approximately 25 per cent. The probable deviation of any observed 
value from the average normal, including the observational error and the 
variation in the sensitivity of different normal ears, is approximately in 
the ratio of one to two. 

It will be seen that an audiogram oscillates more or less about normal 
and that different ears vary greatly in this respect. Fig. 9 is a represen- 
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tative careful run made on a single ear and shows that a large number of 
small peaks actually occur. It might be noted that these vary more or 
less from day to day in a single ear. In averaging the audiograms of a 
large number of people these small peaks would cancel and consequently 
it was not necessary to make such careful runs on all the forty-one people 
who were tested. 
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Figure 10 shows an audiogram of a person who was supposed to have 
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Fig. 10. 


normal hearing but for some cause his ears acted like a filter cutting off 
at a frequency at about 3,000 cycles. Audiograms for people of various 
types of deafness show striking differences in their relative frequency 
sensitivities. It is expected to make a complete report of work along 
this line in the very near future. It is sufficient here to give from our 
general experience the amount of sound volume in the speech range that 
is required to make people of various degrees of deafness hear. Persons 
who have normal hearing require approximately 1/1000 dynes per square 
centimeter in order to hear sounds in this range. Persons who require 
a pressure variation of 1/10 dynes per square centimeter are called slightly 
deaf. Those who require one dyne are partially deaf but can usually 
follow ordinary conversation. Those who require 10 dynes belong to 
that class who use ear trumpets or deaf sets to amplify the speech waves. 
A pressure variation of approximately 1,000 dynes can be felt and pro- 
duces a sensation of pain. For practical purposes it may be assumed 
that people who experience no auditory sensation at these pressures are 
totally deaf. 

This shows that among people who can follow ordinary conversation 
there is a range in ear sensitivity of more than 1,000 and among people 
who are noticeably deaf there is another range of 1,000, making a total 
range of more than a million for people who can hear or be made to hear 
by means of amplifying devices. 

In conclusion we desire to express our indebtedness to Messrs. F. W. 
McKown, F. H. Graham and C. E. Dean who have assisted in various 
phases of this work. 
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APPENDIX. 


‘ ’ 


From a dynamical standpoint the phrase “sensitivity of the ear’’ as 
it is usually used is rather indefinite. When a figure is given in ergs per 
second, the rate of flow of energy through an area equal to that of the ear 
opening in an unobstructed wave, is meant. This has no simple relation 
theoretically, at any rate, to the net rate of flow of energy into the ear 
when the head is placed as an obstruction to the wave. The distortion of 
the sound field by the head varies greatly with frequency. Similarly, 
there is no simple relation between the energy flowing into the ear and 
that transmitted to and absorbed by the ear drum or by the cochlea. 
In the experiments recorded above, some attention was paid to the experi- 
mental set-up so as to make the figures given have a more definite dynam- 
ical significance. Sensitivity is given in terms of the alternating (root 
mean square) pressure to produce a minimum audible sensation. Just 
what is meant by pressure is best explained with reference to the sche- 
matic diagrams shown in Fig. I1. 
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Diagram a represents schematically the vibratory system involved in 
the case of the measurements by means of reproduction ratio, simplified, 
of course, for the sake of easy demonstration. A series of four weights 
supported by springs and connected by springs is shown. If each of 
these elements be considered as being made up of properly distributed 
combinations of dynamical coefficients of mass, stiffness and friction 
(1.€., SO as to give a proper action and reaction between R and D), we 
may regard the element R as representing the telephone receiver dia- 
phragm acted on by a force F sin pt of the electromagnet; A as air space 
between the receiver diaphragm and the opening to the ear; M as the 
external ear canal and D the ear drum with its attached apparatus. The 
second diagram, b, represents schematically the set-up for calibration, 
in this case, of the telephone receiver R with the capacity transmitter C. 
In this case A’ represents the air space between the receiver and the 
capacity transmitter C which may be regarded as practically rigid. The 
calibration consists of measuring the pressure on C per unit of force 
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(F/ V2) acting on the receiver diaphragm. If we assume that the sound 
fields between receiver and head and between receiver and capacity trans- 
mitter are identical, then the elements sz and A are identical with s2’ and 
A’ respectively. The area of opening of the external ear canal is not 
equal to the area represented by the capacity transmitter diaphragm so 
Sg and so’ are not identical, but if it is agreed that allowance can be made 
for the difference by using pressure per square centimeter, the relation 
between s2 and se’ may be assumed to be known. The calibration then 
gives the force in dynes per square centimeter acting on M if M is held 
rigid. This corresponds to having the auditory canal stopped. Since, 
however, M, the air in the ear canal, is movable, the force on this area is 
different from that given by an amount depending on the vibratory char- 
acteristics of M and D and their relation to A. The curves of sensitivity 
may then be considered to be (within the error of measurement and of 
experimentally matching @ and b) the pressure sensitivity of the entire 
auditory apparatus including the vibratory characteristics of the air 
space between the receiver and head, the ear canal and the drum. 

The dynamical system involved in the measurement with the thermal 
receiver is less complex. Diagram c represents the system in this case. 
The mechanical impedence of the thermal receiver is practically of pure 
elasticity represented by the vertical spring r. This represents the elas- 
ticity of the active cushion of air around the thermal element which in- 
cludes a volume of approximately .o1 cc. (see paper by H. D. Arnold 
and I. B. Crandall in PHysicaAL REVIEW, July, 1917, on the thermal 
receiver), and assumes the measurements to be made well below the re- 
sonance of the air cavity as shown in Fig. 6. The volume enclosed in 
the ear is about I cc. so that the elasticity m representing this element is 
negligibly small. D represents the ear drum. Diagram d is the sche- 
matic representation of the calibrating system in which ¢ is the thermal 
receiver, m’, a cavity in which the receiver was inserted in front of 
the capacity transmitter C. m’ was made equal in volume to the volume 
of the ear cavity m. Since the reaction in both systems ¢ and d on r are 
negligibly small, because of the lack of stiffness of the spring (air cham- 
bers m and wm’), this measurement gives the overall sensitivity of the ear 
including the vibratory characteristics of the drum and I cc. of air en- 
closed in the external auditory canal. 

The close check between curves obtained by both methods (see Fig. 
4) indicates that the difference between the two vibratory systems is 
very small within the range of frequencies measured. 
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ON THE CHARACTERISTICS OF HIGHLY SENSITIVE 
DISCHARGE POINTS. 


By JOHN ZELENY. 


SYNOPSIS. 


Discharge from Sensitive Points as a Function of Applied Voltage-—The points 
were prepared by grinding sewing needles to a fine point and then holding them an 
instant in analcohol flame. The discharge always starts impulsively and the voltage 
at which this occurs, if gradually increasing potentials are applied, may differ greatly 
on successive trials, but is never below a value B for a given point. A current once 
started persists when the voltage is lowered below B but breaks suddenly at a defi- 
nite potential C. If a voltage above B is suddenly applied to a point a current will 
eventually start after a time interval which on the average is the shorter the higher 


the voltage appiied. 
Voltage Range for Counting Rays.—The entrance of each alpha particle or other 


“ray” along the axis of a counting chamber containing a sensitive point gives rise 
to a momentary discharge, provided the voltage used is above a limit A and below B. 
If the voltage is above B a continuous current is started. Inacase cited A, Band C 


were respectively 1,730, 1,875 and 1,820 volts. 

Explanation.—The sensitiveness of points is determined by a compact layer of 
gas molecules which offers a large resistance to the passage of ions but which may 
be penetrated and dissipated by ions with high speeds. The initiation of a dis- 
charge is ordinarily dependent upon the fortuitous entrance of a “ray”’ into a 
region, near the point, whose extent increases as the voltage used increases. 


N a recent article! some consideration was given to so-called sensitive 
points, and evidence was presented which on the whole favors the 
view that the lag phenomena of these points are due to the presence on 
their surfaces of a layer of gas molecules which, owing to the condition 
of the surface, is more uniformly packed and therefore less easily pene- 
trable by ions than is the case for a similar layer on the surfaces of points 
which do not show lag in the commencement of a discharge. 

While most sensitive points are erratic in their behavior it is possible 
to prepare points which continue steadily for days to show a large retarda- 
tion in the commencement of the current and which in other respects 
exhibit a uniform behavior. Such points are used in a certain method 2 
of counting the number of alpha or beta particles, or gamma-ray pulses 
which enter a counting chamber, since under proper conditions these 
agencies initiate momentary discharges that are readily observed. 

A careful study has been made of the characteristics of some of these 


1 J. Zeleny, Puys. REV., 16, p. 102, 1920. 
2 See A. F. Kovarik, Puys. REV., 13, p. 272, I9I9. 
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uniformly and highly sensitive points and some features have been ob- 
served which are of interest. The points were prepared from sewing 
needles in the way described by Kovarik (loc. cit.) who grinds the end to 
an extremely fine point and then places it for an instant into an alcohol 
flame. The surface of the point after this treatment shows a uniformly 
glossy appearance under the microscope. 

One arrangement of the apparatus which was used in the experiments 
to be described is shown on the insert (not drawn to scale) in Fig. 1. 
The sensitive point was enclosed in a brass chamber J (about 1.5 cm. in 
diameter) which had a small opening in the bottom for admitting rays 
and which was connected to a voltmeter and the source of potential, a 
static machine arranged to give a steady voltage whose magnitude could 
easily be changed. 
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The sensitive point was connected either to ground through a galvanom- 
eter or to the leaf L of an oscillating-leaf electroscope,!E. The apparatus 
is shown as used for a negative point discharge. 

When the polonium source P was in the position shown the alpha rays 
from it entered the chamber J through the opening in the bottom, after 
passing through a very thin foil of aluminum. 

In the absence of the radioactive material, the positive discharge from 
a certain point, to be used as an example, was found to commence sud- 
denly with a current of 5 to 10 microamperes at minimum voltages rang- 
ing from 2,800 to 3,500 volts. An explanation will be given below of 


1J. Zeleny, Puys. REv., 32, p. 581, IgIt. 
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this variation in the potential at which a current starts, a variation whose 
magnitude may be even larger than the values just given. A current 
once started continued to flow with applied potentials below that re- 
quired to start it, but at 1,820 volts it suddenly broke from a value of 
0.6 microampere to zero. 

When, however, alpha particles from the polonium source P were 
allowed to enter the counting chamber J through the opening shown, 
then for a certain range of potentials the entrance of each alpha particle 
gave rise to a momentary current which caused the electroscope leaf to 
be attracted to and then repelled from the charged plate situated near it. 
Owing to the short period of motion of the leaf a rapid succession of par- 
ticles may be counted. 

The lowest potential of the chamber for which the entrance of an alpha 
particle resulted in a momentary current from the sensitive point in 
question was 1,730 volts, and such momentary currents were caused by 
entering alpha particles! for potentials-up to 1,875 volts, but beyond this 
last potential the entrance of an alpha particle into the chamber started 
a current which continued indefinitely. The curve in Fig. 1 serves to 
visualize more clearly the relationship described. The full line curve 
shows how a current, once started, diminishes with decrease of potential 
until at 1,820 volts it suddenly breaks and falls to zero. The dotted line 
is an extrapolation curve showing how the current would have decreased 
to zero had it not broken. The region of potentials marked by the 
limits AB is that in which each alpha particle causes a momentary cur- 
rent only. This region begins but a little above the voltage for which 
an unretarded current should begin to flow and extends well beyond the 
voltage at which a continuous current stops. For any voltage above 
B, an alpha particle starts a current whose magnitude is given by the 
ordinate of the curve in the figure. 

If alpha particles are supplied to the ionization chamber in very rapid 
succession the indicating instrument apparently shows a continuous 
current even for potentials between the limits A and B since the instru- 
ment cannot follow the individual impulses. In a case like this, how- 
ever, the current stops as soon as the source of radiation is removed, 
whereas when a continuous current is once started it continues to flow 
after the removal of the radiation which started it. 

A discharge from a point whether sensitive or insensitive is to be 
looked upon as having its origin in ions produced in its neighborhood by 
one or more of the radiations from radiaoctive bodies. Sensitive points 


1 It was noticed a number of times that a point did not begin to register alpha-ray ‘‘ kicks’’ 
until some seconds after the alpha particles had commenced to enter the “‘ counting”’ chamber. 
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are distinguished from insensitive ones in that with sensitive points, ions 
coming to the surface layer are, for potentials below B, unable to give 
their charges to the metal surface instantly on their arrival and a tem- 
porary state of polarization is created which momentarily reduces the 
electric field in the neighborhood of the point below that requisite for 
ionization by collision and the discharge accordingly stops. Under 
these circumstances an alpha particle for example produces an impulsive 
dischatge whereas it would have started a continuous current with an 
insensitive point the surface layer on which does not offer a serious ob- 
stacle to the passage of ions. 

It must be assumed, since the impulsive discharges from sensitive 
points may follow one another quite rapidly, that the condenser formed 
by the ions on the surface layer of a point is a very leaky one. 

When the potential used is above the limit B the ions coming to the 
surface layer have sufficient speed to disrupt this layer and so a con- 
tinuous current results. On the other hand a current cannot persist 
if the voltage is diminished to a value for which the ions do not have 
sufficient speed to prevent the formation of the obstructing surface 
layer. 

We are now in a position to consider why in the absence of special 
radioactive material the minimum potential required to start a con- 
tinuous current is found to be such a variable one. Since a single alpha 
particle will, as has been stated, start a continuous current if the voltage 
of the chamber is above B, it is evident that even when no outside source 
of rays is present, the current may be started by an occasional alpha 
particle projected from the inside walls of the enclosing vessel. Beta 
rays and gamma-ray pulses may also produce the same effect. Hence 
when the voltage applied to one of these points, in the absence of extra- 
neous radiations, is gradually but continuously increased, which is the 
usual method employed for finding the voltage required to start a cur- 
rent, the value of this voltage for which a current starts is dependent 
upon the fortuitous entrance, into the region surrounding the point, of an 
alpha or beta particle or a gamma-ray pulse. 

If the ionizing agent happens to enter just as the voltage B is reached 
the current will start with a potential of the lowest value, whereas if the 
radiation comes unusually late after the voltage B is passed the current 
will start at a comparatively high potential. Also, the maximum voltage 
observed will on the average be the higher the more rapidly the potential 
is raised. 

There is another element present however which remains to be ex- 
plained, for, when voltages above the value B are suddenly applied to the 
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chamber in the absence of a source of rays, the time interval between the 
application of the voltage and the commencement of the current depends 
upon the magnitude of the voltage, and above a certain voltage the cur- 
rent appears to start as soon as the voltage is applied. An example will 
illustrate this behavior. With a certain sensitive point, alpha rays 
started a permanent current when the potential used was above 1,500 
volts, but produced ‘‘kicks’’ only for potentials between 1,400 and 1,500 
volts. Observations were made of the time interval between the sudden 
application of a given voltage and the appearance of a current, when no 
extraneous radiation was used. The individual time intervals observed 
for any voltage showed large variations among themselves, nevertheless 
the average times of about 20 trials for each voltage show a rapid decrease 
as the voltage was raised, as is seen from the table which follows. In the 
region between 1,400 and 1,500 volts, where “‘kicks’’ only were produced 
by the various radiations, the average time between ‘‘kicks”’ was about 
3 minutes. For higher voltages the average time after the voltage was 
applied before a current started to flow was 


52 seconds for 1,500 volts 


sé 


22 1,550 
4é sé 1,600 4é 
2 “é “é 1,650 sé 
about I ” - 7 | 


Obviously the number of ‘‘rays”’ entering the region concerned must on 
the average have been the same in all of these cases and hence some other 
factor not yet considered must have had a predominant influence in 
starting the discharge. 

It is seen from Fig. 1 that in the arrangement used for counting “ rays,”’ 
the rays are directed more or less toward the sharp end of the sensitive 
point and accordingly the ions produced by them are pulled through the 
strongest part of the field to a very small area on the point. For vol- 
tages between A and B these ions and those resulting from them by col- 
lision are sufficiently numerous to give a measurable, momentary dis- 
charge before the action is stopped by the polarization previously dis- 
cussed. With a voltage above B the ions have velocities sufficiently 
large to remove molecules from the surface layer and they are numerous 
enough to keep the surface clear for the maintenance of a continuous 
current. 

In the absence of special radioactive material, however, the chance 
rays that enter the chamber may come from any portion of the chamber 
surface and may move in any direction whatsoever. In general, there- 
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fore, the ions will not be produced by the rays in the most favorable posi- 
tion for starting a current from a sensitive point and the potential nec- 
essary to start a discharge will in each case depend upon just where the 
initial ions were produced. The higher the voltage the less restricted 
is the location and direction which a ray must have in order to start a 
current and accordingly the sooner will a discharge begin after the vol- 
tage is applied. It must be remembered also that the number of ions 
introduced into any region must be greater than a certain minimum num- 
ber if the multiplication of these ions by the process of collision is not to 
be interrupted in its initial stages through the laws of chance that govern 
ionizing collisions. 
SLOANE LABORATORY, 


YALE UNIVERSITY, 
January 27, 1922. 
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ON REFLECTION FROM A MOVING MIRROR AND THE 
MICHELSON—MORLEY EXPERIMENT. 


By E. H. KENNARD AND D. E. RICHMOND. 


SYNOPSIS. 


Reflection of Plane Waves from a Moving Mirror.—Formule for the direction and 
speed of the reflected wave with reference to the moving system are derived. 

Theory of the Michelson-Morley Experiment.—The angle through which a ray is 
deviated by a moving mirror contains a second-order term in v/c, which it was 
thought by Righi would account for the negative result of this experiment. In this 
article, the relative ray-paths through the interferometer are traced, the phase differ- 
ence is calculated and the interference pattern is obtained, and it is found that the 
second-order term produces only an imperceptible alteration in the fringe pattern. 
It is concluded, therefore, in agreement with Villey, that the usual interpretation 
of the experiment in favor of Relativity still holds. 


- 


HE experiment of Michelson and Morley is of such fundamental] 
importance in the Special Theory of Relativity that it seems worth 
‘while to examine the theory of this experiment from every angle. The 
accepted interpretation has recently been attacked by Righi! and de- 
fended, in turn, by Villey.2, But Villey does not bring out clearly the 
nature of the secondary phenomenon discovered by Righi and its rela- 
tion to the main phenomenon, so that an independent investigation of the 
question seems worth while, and that is the object of the present paper. 
We shall follow Righi in limiting the discussion to the case of parallel 
incident rays and shall assume that all the rays and the direction of mo- 
tion lie in the plane of the apparatus. 


I. RELATIVE WAVE KINEMATICS. 


The interference pattern is most easily worked out to the required 
degree of approximation from the standpoint of the moving apparatus 
(without the relativity contraction, of course). 

To obtain the law of reflection, in Fig. 1 let POP’ represent the path 
in the ether of a ray reflected from a mirror MOM’ moving with a ve- 
locity v inclined as shown at an angle y (positive in figure) with its face. 
Let v = pc where c = the velocity of light. Let usdraw PR = p (PO) 
P'R' = p (OP’), both parallel to v: then ROR’ is the path of the ray 
relative to the mirror. Again, on wave-fronts drawn through P and P’ 


1 Le Radium, Vol. 11, p. 321, 1919. 
2 Comptes Rendus, Vol. 171, p. 298, 1920. 
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respectively choose points S and S’ so that SM drawn parallel to the 
motion equals p (PO) and M’S’ = p (OP’). Then clearly the Huyghens 
wavelets produced by reflection start out successively from points along 
SOS’, and the angles POS and P’OS’ will therefore be equal. Let the 
relative incident and reflected angles be u and y’ respectively. Then the 
trigonometry of the figure leads ultimately to the result, as far as terms 
in p’, 
yw’ — p= — p*sin 2y sin? p. (1) 
This equation expresses the secondary effect of reflection whose influ- 
ence upon the results was the object of Righi’s investigation. 











Fig. 1. Fig. 2. 
Paths of Corresponding Rays. 


To calculate phases we shall find it convenient to use the speed V, 
with which the intersection of a wave with any given line in the moving 
system moves along the line. Let the angle between the relative ray 
and the given line be y and that between relative ray and direction of 
motion, o. Fig. 1 will serve again if we let MOM’ represent now the 
given line and OR’, the relative ray. Then a wave traverses simulta- 
neously OM’ along the line MOM’ and OP’ along the ether ray, so that 
OM’: OP’: : V: c; whence we find ultimately, as far as terms in p’, 


I_1 [cosy + pcos (y — ¢) + p* [(1 + cos? a) cos (2) 
Vieo¢ 2 + sin2esiny] | - 
Finally, the wave makes with the normal to the relative ray an angle 
(negative in the figure) 
6 = —psing. (3) 
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2. Ray-PATHS IN THE MICHELSON-MORLEY EXPERIMENT. 

We shall now trace through the interferometer the two (relative) rays 
into which an incident ray is divided at the half-silvered plate. 

Let us assume that all of the rays are parallel to the plane of the ap- 
paratus and let us take axes in this plane (see Fig. 2), the x-axis parallel 
to the incident light and intersecting the half-silvered plate in O and one 
mirror in M,, and the y-axis through O and intersecting the other mirror in 
Mz. Let the direction of motion be parallel to the same plane and make an 
angle @ with the x-axis. Let the plate be inclined to the x-axis at an 
angle [(1/4) + ¢] and let the normals to the mirrors M,, Mz make angles 
a, B respectively with the negative x- and y-axes. LetOM: = L, OM, = 
L+l. 

Since the effect noted by Righi is of the order p’, we shall reject all 
terms in higher powers of p. Furthermore, we shall suppose a, 8, ¢ and 
1/L all to be small, and, since the formation of the principal set of fringes 
and the principal effect due to motion both involve the first power of 
these quantities, we shall simplify the calculation by rejecting all powers 
of these quantities above the first (except in terms in p); and we shall 
drop these quantities entirely in the coefficients of p?. 

Then for the reflection of the transmitted ray OM, at M,,y = 7/2 + 
a — 0, wp = 2/2 +a; hence by (1) w’ — uw = — p*sin 20, approximately: 
and the ray returns toward O at an angle 


m = 2a — p’ sin 20 (4) 


with the negative x-axis. Then at the half-silvered plate y = 7 + 7/4 
+e— 06, w= 7/4 +€ — m, whence approximately wp’ — up = — p* cos26/2, 
and the ray proceeds toward the observing telescope at an angle with 
the negative y-axis 


2 
¢o,; = 2€ — 2a +7 (2 sin 20 — cos 26). (5) 


Similarly, for the reflected ray, at O 
y=r4te-—0,H=7/4+ © ww’ — uw = — fp? coSs26/2, and this ray 


leaves O at an angle 
2 
Ne = 2€ — . cos 20 


with the y-axis; while at the mirror M, 
y=r+B-—0, p=7/2+8B—m, vw’ —u =p sin 20, and the ray 
therefore returns downward at an angle 


go: = 2B — 2¢€ +f (2 sin 20 + cos 26) (7) 


with the negative y-axis. 
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Comparing (5) with (7) we note that the secondary effect expressed 
by (1) results in changing the direction of both of the final rays but not 
by anequalamount. This inequality leads to an interesting consequence 
discussed below. 

3. PHASE DIFFERENCE OF THE WAVES. 


Let us now find the time taken by a wave of each train to return to O. 

For the transmitted wave we apply (2) to the motion of its intersec- 
tion with the x-axis. The journey from O to M, takes a time OM,/V 
with Y = 0,0 = — 6. Theterm in p contains the distance OM, multi- 
plied by cos (y — a): this is simply the projection of OM, upon the line 
of motion and we shall denote it by (OM,),. Similarly, for the return 
journey ¥ = m, ¢ = +m — 6 and the term in p contains the factor 
(M10), = — (OM,),. Hence this wave returns to O after a time approx- 
imately equal to 


ad 
ee 
c 


2 + p? (1 + cos? 6) \ (8) 


Similarly, for the reflected wave we follow its intersection with the y- 
axis to Mz and back: going, ¥ = m, o = 2/2 + m2 — 6; returning, y = 
oi, © = 37/2 + do; — 8, and this wave returns to O after the approximate 
time 


n= Zlat a (a +sint a). (9) 


Thus the transmitted wave reaches O a time (¢,; — &) behind the re- 
flected wave where, to our degree of approximation, 


2 
h—-h= = + F008 20. (10) 


4. THE INTERFERENCE PATTERN. 


The interference pattern is now easily obtained by drawing the simul- 
taneous positions of waves in the two trains. The fringes will evidently 
have the form of planes perpendicular to 
the plane of the rays and nearly parallel : 
to the y-axis; as a matter of fact, (2) ‘ 
gives the same speed for both sets 
along Oy, to our degree of approxima- 
tion, hence the inclination of the fringe- 
planes to O lies beyond the range of our 
formulas. 

To locate the central fringe, let OQ, Fig. 3. 

PQ (Fig. 3) be simultaneous positions Interference pattern. 


¥ 
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of a transmitted wave and of the corresponding reflected one, each in- 
clined to its ray-normal by the angle 6 as given by (3): then the cen- 
tral fringe (zero retardation) passes through Q at a distance x = OQ, 
approximately, from the y-axis. Now the reflected wave passed O a 
length of time (¢; — ft) ahead of the other, hence xo/V = t; — fe, where 
V is the speed of the intersection of the reflected wave along the line 
OQ, the latter being regarded as fixed in the apparatus. V is thus given 
by (2) with y = 34/2 + do — ¢: — 81,0 = 32/2 + o2 — 8, while by (3) & = 
— psin (37/2 + ¢: — 8); inserting values from (5) and (7) and retaining 
only the usual terms, we find 


TE 20+ 28 — 4+ oF cos20 : (11) 
, 6 
Hence, taking the value of 4; — ¢2 from (10), to our degree of approxima- 
tion 

2l + p*? L cos 20 


am SS rr 7, cos 20° eats 





The same calculation yields the distance between fringes, w, if we sub- 
stitute w for x» and a light-period, /c, for 4; — te; hence, letting » = 
number of fringes between O and the central one, 





w= ’ 
2a + 28 — 4€ + p* cos 20 w N 





» n=% 2l + p* L cos 20 


(13) 


5. DIscussIon. 


The quantity actually made the object of observation by Michelson 
and Morley was the variation of » with 06, and the field was actually 
viewed in a plane through mirror number 2 instead of in a plane through 
Ox, but this makes no difference in the results deduced here. If the 
apparatus is turned from 0 = 0° to @ = 90°, m varies through An = 2p? 
L/X and An fringes will appear to pass O: this is the observable effect as 
predicted by Michelson and Morley. 

The effect of the term in p? in the law of reflection is thus confined to 
terms of higher ordef than the principal one. This term is responsible 
for the terms in p? in the denominators in (12) and (13), and accordingly 
leads only to the following effects: 

(1) The fringe-width w and the distance to the central fringe x» are 
each increased in the ratio I + p? cos 26/(2a + 28 — 4e), motion parallel 
to the incident rays expanding the fringe pattern and motion at right 
angles contracting it. But since p? might easily be as small as 107° this 
change of dimensions is probably beyond the reach of experiment (2). 
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The fringes will vanish only when 2a + 28 — 4¢€ = — p? cos 26. Thus 
in the case of perfect alignment (a = 6 = e = 0) and perfect equality 
of path (J = o) fringes will still be visible for which 

» _ pL cos 26 


w= — - x = Ln = — ; 16 
p? cos 20 . N ae 





These were the fringes studied by Righi, who appears to have con- 
founded them with those actually observed. As the apparatus is turned 
through 90° the center of the system remains fixed while the fringes 
broaden, disappear, and return exactly to their original positions. Thus 
in the two “principal” positions (@ = 0°, @ = 90°) the field appears 
exactly the same: this fact is the cornerstone of Righi’s argument. Obvi- 
ously, however, the intensity is not the same at intermediate positions, 
as was pointed out by Villey, and under the proper conditions fringes 
might be observed to pass O during the rotation. 

These fringes are, however, too broad to be readily observed. For 
sodium light their width would be something like 6 X 107*/10-* = 6,000 
cm. Thus in the apparatus used when alignment was perfect the field 
would appear uniformly illuminated, but the intensity would undergo 
fluctuations during rotation which might, in principle at least, be de- 
tected with a photometer. 

It appears certain therefore that the famous negative result of Michel- 
son and Morley was not due to any second-order effect of motion upon 
reflection at the mirrors. 


DEPARTMENT OF PHYSICS, 
CORNELL UNIVERSITY, 
February, 1922. 








578 PAUL S. EPSTEIN. — 


PROBLEMS OF QUANTUM THEORY IN THE LIGHT OF THE 
THEORY OF PERTURBATIONS. 


By PAut S. EPSTEIN. 


SYNOPSIS. 


1. It is shown in the following paper that the physical purport of Delannay’s 
method in the theory of perturbations consists in successive approximation of a 
given motion by means of a set of conditionally periodic motions. 

2. It is further shown, that at every degree of approximation two possible cases 
must be taken into account. In the one the motion of the system is periodic with 
respect to a certain variable, in the other this variable performs a libration. 

3. In both cases formule for carrying through the calculations are given, fit 
for the purposes of the theory of quanta. 

4. A modification of Delaunay's method, due to Whittaker is applicable to one 
of the two cases only and is therefore incomplete. 

5. Delaunay’s method (in our modification) quite automatically yields at every 
degree of approximation the special coérdinates, looked for in the theory of quanta. 


§ 1. INTRODUCTION. 


“HE method explained in the following pages was worked out by 
the author seyeral years ago for the purpose of quantizing the 
helium atom.! Its principle, however, turned out not to be new’ and 
to have been already the foundation of a procedure applied by Delaunay® 
in the theory of the moon. Though Delaunay did not use the notions 
of the “ conditionally periodic system” and of the “angular variables,”’ 
the intrcduction of these concepts changes only the formal side of the 
line of thought. We shall therefore in the following refer to our pro- 
cedure as “‘Delaunay’s method.” 

In the meantime methods of the theory of perturbations were intro- 
duced into the theory of quanta by others also: J. M. Burgers* adopted 
a manner of treatment due to Whittaker, while N. Bohr® dealt with the 
problem of finding the codrdinates suitable for quantization in slightly 
disturbed systems. ‘The rules given by Bohr were applied with great 

1 An exposition of the method with application to the problem of three bodies was given 
by the author in October, 1917, and the two following ones were communicated by him to the 
Association of Swiss Naturalists in 1919 (Cf. the brief report: Verh. der Schweis. Natur- 
forschenden Ges., 2. Teil, p. 83, 1920). 


2 Iam indebted for valuable quotations of literature to some letters of Mr. J. M. Burgers 
in fall of 1917. i 

3 Delaunay, Théorie du mouvement de la lune (Mémoires de |’ Académie des Sciences, 
Vol. 28, 29), Paris, 1860, 1867. 

4 J. M. Burgers, Verslagen Amsterdam, XXXVI., p. 115, 1917. 

5 N. Bohr, Kgl. Danske Vedensk. Selsk., Nat. Afd., 8. Raekke IV. 1, 1918. 
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success by Kramers! for explaining the gradual increase of the Stark 
effect with the electric field. This work however does not by any means 
make superfluous the publication of my modification of Delaunay’s 
method. I believe on the contrary, that it can claim some interest for 
several reasons: 

First, this procedure is particularly applicable to the theory of quanta 
because of the fact that the real motion can be regarded as successively 
approximated by conditionally periodic motions. A way is given for 
finding a set of conditionally periodical motions which approximate the 
real motion successively closer and closer. These systems are, however, 
not of the simplest type studied by Haeckel, and there therefore arises the 
problem of investigating a more general kind of conditionally period 
motion (§§ 4, 5). We shall see that all theorems which are valid in 
Haeckel’s ? case can be extended also to the new type. In particular 
there still remains the possibility of describing the motion by angular 
variables (§ 6). The principles of the theory of quanta, as they were laid 
down by the author? for conditionally periodic systems, can therefore 
be applied unchanged to whatever degree of approximation one desires. 

Second, at any step of approximation there may appear two essentially 
different types of motion which determine the method of passing to the 
next step. Both Delaunay himself and Poincaré? pointed out this 
alternative, but, as it seems, not with sufficient emphasis; at least, this 
important discrimination is entirely ignored in Whittaker’s modification‘ 
already referred to. Therefore this modification does not exhaust the 
problem and is in many cases inapplicable (§ 9). To show this we lay 
stress on making clear the physical meaning of the transformations used. 

Third, the special forms, in which the theory of perturbations is carried 
through, start from the existence of a small constant parameter, by which 
the perturbation function may be developed. Such a parameter however 
is not available in all problems of the theory of quanta. Whittaker’s 
method is free from this restriction, but comprises, as already mentioned, 
one of the two possible cases only. The center of gravity of our con- 
siderations lies therefore in showing how the numerical calculations can 
be carried through in the second case, not included in Whittaker’s theory, 
without using a constant parameter (§§ 7, 8). 

In so far as these three points are concerned, our investigation lies 

1H. A. Kramers, ibidem, 8. Raekke, III. 3, 1919. 

2 P. S. Epstein, Ann. d. Phys., 50, p. 815; 517, p. 168, 1916. 

3H. Poincaré, Les méthodes nouvelles de la mécanique celeste, Vol. II, §§ 200 and ff, 
Paris, 1893. 


4E. T. Whittaker, Proc. London Math. Soc., 34, p. 206, 1902; Analytical Dynamics, p. 
404, Cambridge, 1917. 
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in the region of general dynamics and will be only partly new to the 
astronomer. 

Fourth and last, the method opens interesting aspects of the theory of 
quanta, dealt with in § 10. It is shown there, that the problem of co- 
ordinates suitable for quantization, is solved quite automatically by the 
method: it is sufficient to go on from approximation to approximation 
in order to find always the right variables. In the special case when the 
undisturbed motion is periodic, the codrdinates found by our method 
agree exactly with those resulting from the rules given, for this case, by 
Bohr. Also for some other cases discussed by Bohr our method gives 
closely similar results. There exists, however, a difference, for Bohr 
regards the possibility of exact quantization as an exception, and gen- 
erally expects, for a disturbed motion, indeterminate values of energy; 
whereas from the point of view of our theory, exact quantization is the 
normal case, and indeterminate values of energy are at least much ‘rarer 
than Bohr implies. The decision between the two points of view seems 
to lie within experimental possibilities. 


§ 2. FROM THE TRANSFORMATION THEORY OF DYNAMICS. 
We proceed to put together several theorems, to be used in this and 
in the following communication. 
Let the differential equation of a mechanical system of f degrees of 
freedom be given in the canonical form 
dp; 0H dq: oH 


(1) a ss ‘2 &,' 








(4@=1,2,3,°°:f), 


where the Hamiltonian function H(p, q, t) depends upon the momenta i, 
upon the coérdinates of position g; and upon the time ¢. By the system 
of equations 
(2) {* = p(Pi, --> Ps; Quy +++ Os 4), 

gi = gi(Pi, +++ Py Qi, +++ Ops F) 


one may pass to the new variables P;, Q;. It remains to be determined, 
in which case the coédrdinates P;, Q; are again canonical variables. 

In the following we shall have to deal with the two special cases, in 
which the functions (2) are either independent of time, or contain time 
in the form of a linear term A(t, (resp. Bit), where A; and B; are con- 
stants. The criterion for P;, Q; being canonical codrdinates can then 
be expressed by means of the so-called ‘‘ Lagrange’s parenthesis’”’ 

Kf api 9g: 9qi OD: 
3) 0) = eee) 


t=1 
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in the following way 


eg Qn) = (P;, QO») = 10 for j 7 h, 
(P;, P») I ™ j a h. 
(h,j = I, 2, coef). 


We shall discuss the above two cases separately: 
1. A transformation, independent of time 


ens -o* Py; Qi, --* Qy), 
gi = Qi(Pi, «++ Ps; Qu, +++ Q), 


satisfying conditions (4) is called a ‘‘contact-transformation.” 1 The 
most interesting property of these transformations is, that both systems 
pi, qi and P;, Q; have the same Hamiltonian function: the Hamiltonian 
function 1s invariant with respect to contact-transformations. We see 
further from the form of equations (4) that they are entirely independent 
of the special form of the Hamiltonian function, so that they can be 
satisfied by a proper choice of the transformation equations (2’) alone- 
We can express this important circumstance by the following statement: 

Let a system of coérdinates p, q be given, canonical with respect to two 
Hamiltonian functions H and H*. If we succeed in finding another system 
of coérdinates P, Q, which are canonical with respect to H, they will be 
canonical with respect to H* also. 

By a well-known theorem of Jacobi’s the contact transformation can 
be defined by one single function of the variables P; and gq; 


(4) 


I 
9 


(2’) 





(5) W= W (Pi, er P3; 7 qs); 

from which the transformation-equations can be derived in the form 
, _ ow _ ow 

(5’) pi _ aq: , 0; ain aP, 


2. The case in which equations (2) assume the form 


(2) bi (Pi, +++ Py; Qt, +++ OQ) + Abt, 
gi = Qi (Pi, +++ Pye} Quy +++ Qy) + Bi, 


where A; and B; are constants, and conditions (4) are satisfied, we shall 
name a ‘“ Delaunay-transformation.” The difference between this and 
the first case is that here there exists no invariancy of the Hamiltonian 
function. On the contrary, the new variables, P;, Q;, are canonical with 
respect to a changed Hamiltonian function 


b 
(6) H* =H+ L(Agi — Bipi). 


1E. T. Whittaker, Analytical Dynamics, Chapter XI. Cambridge, 1917. 
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A glance at conditions (4) shows us that they do not restrict the choice 
of the constants A;, B;. The applications below deal with the case in 
which the dependence on time only of the codrdinates of position q; is 
given by the values of the constants B; (i = 1, 2, --- f). It follows 
from the remark just made that the choice of the quantities A; is entirely 
at our discretion. In particular we can, put these constants equal to 
zero, which leads to the following simplest form of the Delaunay-trans- 
formation 


bi = pi*(Pi, +--+ Ps; Qi, +++ Q), 
(7) qi qi*(Pi, nas P;; Q1, eens Qy) + Be, 
H* = H = D> Bipi. 
t=1 


b;*, g:* are functions which, taken alone (i.e., putting B; equal to zero) 
yield a contact-transformation. 


§ 3. DELAUNAY’s METHOD. 


Let the motion of a system be given by the Hamiltonian function 


H(i, +++ bri Qu ++ Gy): 


For the sake of simplifying our considerations we suppose forces to be 
conservative, and therefore time to be lacking as an explicit argument 
of H. But we shall see that these considerations can be enlarged with- 
out any essential change for certain forms of explicit dependence on time. 

To carry through the integration of this problem, we shall, with 
Delaunay (l.c.), use the following method of approximation: we choose 
a conditionally periodic motion, having the Hamiltonian function HA, 
in such a way that it is as near as possible to the given motion, and if 
we split function H in two terms 


(8) H=H,+R,, 


so that the remainder R,, or the “perturbation function,’ becomes as 
small as possible. The motion, defined by A, is called the “first inter- 
mediate motion.” 

One of the important features of conditionally periodic motions is 
that they can be described by so-called ‘‘angular variables,” 7.e., it is 
possible to introduce by means of a contact-transformation 


W = Wu, +++ Us; Qi, *** GQ), 
(9) OW mm... d 


2 0g: Ou; 
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a new set of canonical codrdinates (w;) and momenta (u;), possessing the 
following properties: ! 
1. The state of the system (for instance its original codrdinates pj, q;) 
is a periodic function of the variables w,, we, --+ wy, having the period 27. 
2. The variables w; are linear functions of time 


(10) w; = Qt + 6;. 


The coefficient Q; is called the ‘‘average motion.” 
3. The momenta wu; are constant and are proportional to Planck’s 
quantum of action h: 


h 
(11) u; = - 


n; meaning whole numbers, the so-called “‘ guantum-integers.”’ 

4. Transformation (9) being accomplished, H becomes a function of 
the momenta u; only and is independent of the variables w,. 

The theory of conditionally periodic motions (cf. § 6) affords the means 
of establishing transformation (9) for the intermediate motion defined 
by function H,. Using the theorem stated in § 2 we see, however, that 
the variables introduced by those transformation-equations prove to be 
canonical with respect to the whole Hamiltonian function H also. Of 
course they lose their physical meaning: referred to the system deter- 
mined by H, neither are the quantities w; linear functions of time, nor 
are the quantities u; constant. But since the form of functional de- 
pendence is retained, ; and g; remain in a formal respect periodic func- 
tions of the variables w;. If within the limits of variation of p; and q; 
the perturbation function is a regular function of these coérdinates, as 
we shall suppose it to be, it will be itself a periodic function of the angular 
variables, and in most cases it may be expanded into an f-fold Fourier- 
series. At least the possibility of such an expansion is supposed in all 
that follows. 

On the other hand, the term H, of the Hamiltonian function will 
continue to depend on the quantities u; only: 


(12) H=H,(u,-- -u)+ D>» > ; obi, my" * ‘myain (mywi+----+mywy), 


where the coefficients b are functions of the momenta uj. 

Let 0 be that one of the coefficients which has the largest numerical 
value. We are to consider the system defined by the Hamiltonian func- 
tion 


(13) He = Ai(my, +--+ uz) + O(umy, «++ Uy) a (mw, + +++ + mywy). 


1 Cf. C. G. Charlier, Die Mechanik des Himmels, Vol. I., p. 94, Leipzig, 1902; also P. S. 
Epstein, Ann. d. Phys., 51, p. 176, 1916. 
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We shall prove in §§ 4, 5 that such a function again represents a 
conditionally periodic system. ‘This we can choose as the second inter- 
mediate motion, putting similarly to (8) 


(8’) H = H,(u, w) + R2(u, w), 


and denoting by R, the remaining part of the Fourier-series. Instead of 
u, w we have now to introduce the angular variables u’, w’ of the con- 
ditionally periodic motion, given by (13); then He is dependent on the 
quantities «’ only, while R. must be rearranged in a new f-fold Fourier- 
series, proceeding by the arguments w’. 

By this transformation the periodic term of the Fourier-series (12) 
having the largest numerical value is taken away and converted into a 
part of the aperiodic term. The same procedure applied to the periodic 
term, second in absolute value, leads to the third intermediate conditionally 
periodic motion, and takes away this term also. Going on successively 
in such a way, we can make the numerically important terms of the 
Fourier-series vanish one after another (retaining only their aperiodic 
parts), and we can proceed to conditionally periodic motions which 
approximate more and more closely the real motion, until the desired 
degree of precision is reached. 

This procedure is particularly well adapted to the theory of quanta, 
operating with that particular function which is the most important one 
for that theory. In most applications, indeed, the problem is to find the 
expression of energy in terms of the quantum-integers (11), and to ex- 
press in terms of the momenta uw; the Hamiltonian function of that in- 
termediate motion by which one wishes to close the approximation. 

Of course the question remains unsettled as to whether the procedure 
sketched in this paragraph is a convergent one. We can point out only 
that Delaunay used it in the theory of the moon, and arrived at a good 
agreement with observation, and that the theory of quanta does not by 
far aspire to the degree of precision achieved by Delaunay and his 
successors. We shall briefly revert to this question again in § 10. 


§ 4. EXTENDED THEORY OF CONDITIONALLY PERIODIC MOTIONS. 

We are now to supply the proof that the Hamiltonian function, given 
by equations (13) §3 defines in fact a conditionally periodic motion. 
We confine ourselves to the case of the cosine, because that of the sine 
results from the first one by a simple shift of phase of the argument. 
We start from the equation of energy 


(14) Ale = Ai(uy, «++ uy) + (m1, +++ us)cos(myw, + +--+ + mywy) = a, 


because the Hamiltonian function, if independent of time, is known to 
express the energy a of the system. 
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Our first object is to bring about a separation of variables, and we 
succeed in this by a simple contact-transformation: 


. 
W= uy’ + (myw, + sid + mywy) + Domi wi, 


(15) ow , OW 
u;=>-—»? i= ream te 
Ow; Ou; 
from which, 
(16) { Uy = Myt,, Us = Us’ + mot)’, vee Us = Uy + myuy’, 
Wy’ = mw, + +++ + mywy, We’ = We, vee Wy = Uy. 


We introduce the quantities u;’, w,’, instead of u;, wi, into our equa- 
tion (14) 


(17) He = Hy'(uy’, «++ uy’) + 0’(uy’, +++ uy’) cos wy’ = a. 


Now only one single coérdinate of position appears in the energy 
equation; the other codrdinates do not enter in the Hamiltonian function 
at all, and are therefore called “cyclic variables.”” It follows from this 
that their corresponding momenta are constant (in virtue of the canonical 
equations u,;’ = — d0H/dw,’). Thus the separation of variables is accom- 
plished: Equation (17) gives us the relation between the two variables 
u;’ and w,’, while the quantities a, ue’, --- us’ must be considered as 
constant. 

We will now investigate equation (17) in order to determine if it repre- 
sents a conditionally periodic motion. Some properties of that type of 
motion we have already mentioned in §3. But their characteristic 
feature is this, that the coédrdinates, determining the position of the 
system, are either already of such a nature that the state of the system 
is periodic in them when they grow without limit. (in the manner of a 
plane angle), or that they perform ‘“‘librations,”’ 1.e., swing backwards 
and forwards between two fixed limits. In the special case in which the 
Hamiltonian function is quadratic in terms of the momenta, the condi- 
tions for the occurrence of such motions and the properties of the same 
were studied by Haeckel (cf. § 3). In particular Haeckel showed that, 
separation of variables being possible, one can always choose the con- 
stants of the motion in such a way that it assumes the characteristics of 
conditional periodicity. We shall prove that the conditions in the case 
of the form of Hamiltonian function given by equation (17) are quite 
similar. This form is on the one hand more special than Haeckel’s, the 
dependence on the codrdinate wy,’ being a fixed one, but on the other 
hand it is more general, leaving entirely open the dependence on the 
coérdinate 1,’. 
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For the sake of simplifying our notation we shall again drop the accents 


on the letters. we, “3, «++ uy playing only the part of constants, we write 
for short 
(17’) H = Hy,(u) + 0(u;)-cos wy = a. 


This equation establishes a functional dependence between u, and w, 
of which, on account of the physical meaning of the problem and on 
account of the symbol 1, referring to a mechanical momentum, we can 
conclude in advance as follows: (1) “is an analytic, not infi nitely many- 
valued function of cosw;. (2) It follows from this that we know the 
whole path of ; if this quantity is given between the limits 0 = w,; = 7, 
the values of u; in the adjacent intervals — 7 = w,; =0, r = w; = 27, 
etc., resulting from the former ones by reflection. (3) u; has, at least in 
part of the region between o and 7z, real values. We shall suppose it to 
be real in the vicinity of w; = 0, a restriction which does not limit the 
generality of our conclusions. 

If in a diagram we plot w, as abscissa and 4; as ordinate, the tangent 
of the angle at any point of the curve is 


0H 
du; _ _ dw 
du. 0H 
Ou, 


The maxima and minima of the curve are given by the condition 


He = — b(u;) sin w; = 0, 


(18) 


the turning points (7.e., the maxima and minima of w,) by 


SS 4 ne =O 
Ou, Ou, | Ou, oe 


(19) 


To simplify our argument we shall suppose that b does not vanish in 
any point of the curve, and that wu; assumes no infinite values, though 
our conclusions would be the same if these possibilities were admitted. 
The maxima and the minima of the curve lie at sin w; = 0, i.e., w; = O 
and w; = x. Starting from w; = o, the value of u; changes in a mono- 
tonic way until the curve reaches w; = 7, or returns to w; = 0. There 
are several possible cases of this: (1) 0H/du,; has no roots within the 
real interval o = w; = z, then the variable w; increases also monoton- 
ically (Fig. 1, Curve I.). (2) 0H/du, has in the above interval one 
simple root at w; = w,°; then the curve turns back at this point (Curve 
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II.). (3) @H/du, has two roots or one double root (Fig. 2, Curve III.). 
U, %, 


4 4 ‘ 
, i 


























{ { 
-IT -7" 0 +1," 40 F 
anpememnemeceemeal> } 0 (A 
a uy 
Fig. 1. Fig. 2. 


(4) 0H/du, has three roots (Curve IV.), and so on. 

The question now arises as to whether it is possible to realize by a 
proper choice of the constants a@ the cases of the curves I. and II. I have 
not succeeded in answering this question generally for any functions 
H, and b, but in every special case the investigation is carried out easily. 


§ 5. THEORY OF CONDITIONALLY PERIODIC Motions (CONTINUED). 

We will discuss the above question in two instances typical for practical 
problems. 

(a) Let equation (17’) be given in the form 


I 
2(u, + Ue)? 


where 8B isaconstant. According to (19) a turning point can only appear 
when condition 


+ ; (141 + U2)? cos W = a, 


—Toy + B(ui + U2) COS wW;° = O 
is fulfilled. 
The elimination of u; + uw, from these two equations yields for the 
position of the turning point 


a 


0 = < = 
(20) cos Wy 3" 

We thus arrive at the result: If a? > |8|, there exists no turning point 
and the curve is of the type I., running monotonically from w; = 0 to 
w, = 7. Ifa? < || there exists one and only one turning point between 
o and 7, for cos w;? by (20) is uniquely determined for every value of a. 
Therefore we have the curve of type II. The cases III. and IV. cannot 
be realized by any choice of a. 


1 If the assumption, that u is real for w:1 = 0, is omitted, there exist still two other types 
of curves for one and two roots of 0H/du1. 
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(6) Let the Hamiltonian function be expressed by 


I 
2(ui + U2)? 


and let 6 be a small quantity and wu, be restricted also to small values 
only, w being a positive constant. 
Condition (19) for the turning point yields 


— wu, + 7B Vu; COS W; =a, 


I B _ 
(ue; + ua)? 7) + = COS W, oO. 


We expand both equations in powers of u; and confine ourselves to 
terms of the first order only 


I I a 
—- — +|[ — -—w u; + 26 Vu; cos w; = a, 
2u;? U5 
(21) I B 
(3 _ w) + —— cos w)® = o. 
U2 uy, 


Eliminating u; and writing for short 2 = 1/u,*, we obtain 





I I I 
cos? w,? = — — a +— }. 
’ B? Q—w ( 3) 
According to condition 0 = cos? w;° = 1, which must be satisfied for 
all real values of w,°, we are led to the result (putting 2 > w): 
In the cases 


— | x9 — a2 in ee 
a< E (Q — w) +3 and a> pe 


there does not exist any turning point; in the opposite case 


I I 
a fe ase | *a- w) +3 
there is a turning point. 

On the contrary, if we put 2 < w, the signs > and < in the inequalities 
must be exchanged. That no more than one turning point can exist, 
results from the following consideration: supposition u; = 0 would lead 
to a = — 1/2u,? and cannot be generally satisfied. Therefore Vu; has 
always the same sign, and according to equation (21), cos w,® is also 
restricted to one sign. The limits, within which 1, is contained, if the 
case of Curve II. is considered, with both suppositions 2 > w and 2 < w 
become 


(23) o=m =P. 
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The Curves III. and IV. are not to be obtained in either of our in- 
stances. They appear indeed to belong to rare exceptions, and the 
author did not meet with them in any application studied by him. We 
can therefore leave these possibilities out of the following considerations. 
Our result therefore may be stated thus: in a certain interval of values of 
the constant a the case of Curve I. is valid, for all other values the case is 
that of Curve II. 

In the first case the variable w; increases without limit, for, according 
to the canonical equations, velocity w,; can change its sign only if the 
condition 0H/du; = 0 is fulfilled. The momentum 1, is then a periodic 
function of the coérdinate w,; and can be represented by a Fourier-series. 


(24) Uy = Co + C1 COS Wi + C2 COS 2W; + <>. 


We shall call this case the ‘‘case of periodicity.” 

In the second case w; varies between two fixed limits, or, using an 
expression of Charlier, w; performs ‘‘a librational motion.” We call this 
behavior therefore the “‘case of libration.’’ One sees best the analytical 
character of the function 1, if he supposes its dependence on w; to hold 
for complex values of w, also, and if 
he accordingly studies the distribu- 
tion of u, in the complex w,-plane 
(Fig. 3). In the segment of the real -y" 
axis between the points w; = — w? B A 
and w,; = + w;? the variable u; has 
two real values, as results from Curve 
II. (Fig. 1). In the vicinity of the Fig. 3. 
turning points (u,°, w)°) and (x,°, 

— w;°) Curve II. can be approximated by the two parabolze 











uy — uy = cVw, — w;? and uy — uy = cVw; + wy, 


the contact being a simple one by supposition. This means that the func- 
tion “; of the complex variable w, has, within the interval — 7 =w,;=+7 
of the real axis, two branch-points w,; = w,® and w; = — w)", each one 
having the exponent 1/2, so that the totality of all values of this function 
can be represented by means of a two-sheeted Riemann-surface. If 
one connects, in the usual way, the two branch-points by a strait cut, 
function “; assumes a set of real values at the lower bank of the cut and 
another set of real values at the upper bank, which joins continuously 
the first one at the branch-points. We can, therefore, regard the change 
of the variable w, from the value — w,° to + w,° and back again as a 
circuit around the branch-cut. 
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Summarizing we can say: according to the value attributed to the 
constant a two cases occur. In the first case w; increases without limit 
and 1; is a periodic function of w:;, having the period 2x (case of perio- 
dicity). In the second case w; swings monotonically forward from the 
limit — w,® to the limit w,° and backward from w,® to w,®, and the 
analytical behavior of «; in the complex w;-plane can be represented by 
use of a two-sheeted Riemann-surface (case of libration). The circum- 
stances thus agree with those found by Haeckel for the special form of 
kinetic energy studied by him; we are therefore also justified in naming 
systems, defined by the Hamiltonian function (17’) or (13) conditionally 
periodic systems. 

By these considerations we have come to a knowledge of the path of 
the variables u; and w;. We are now to say a few words about the cyclic 
variables we, w3, +--+ wy. In the usual case of a Hamiltonian function, 
depending on the momenta quadratically, the cyclic coérdinates can 
increase monotonically only; whereas in our case matters are more 
complicated, and it is advisable, in order to elucidate them, to use 
Jacobi’s function of action, having here the form 


(25) W = fusdw, + uswe + +--+ + uyeey. 
The equations of motion then are known to be 
ow. ‘ 
y -ilalat (4 = 2,3,°---f), 


the symbols #; being used to indicate f new constants; or from (25) 


Ou, 


dw. 
Ou; ’ 





w—-m=-S 


In the first (periodic) case, when expression (24) for “ holds, it follows 
that 





0Co OC1 ° I OCo 
— W)}— — sinw, — 


a sin 2w; + ---. 
Ou; Ou; 2 OU; 


y= Wi = 
The first term of the right side increases monotonically and without 
limit. ‘To this one-sided increase a periodic change is superposed, having 
the rhythm of the variable w:, so that dw,;/dw; may have different signs 
for different values of w:, from which only the average change of w; is 
one-sided. In the special case, where Co is independent of u; (dco/du; = 0), 
the average change of w; vanishes, 7.e., we arrive at an oscillation between 
two fixed limits, or a libration. The period of this libration coincides 
with the period of the variable w:, whence we draw the conclusion that 
this case occurs in so-called “‘degenerate’’ systems only. 
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Not very different from these are the conditions in the second case, 
when w, performs a librational motion. 1%, and consequently du;/du;, 
can then be divided into a regular part, having the same value on both 
banks of the branch-cut of Fig. 3, and into a branched part, having 
opposite signs on the two banks. The contribution of the second part 
to the integral is permanently positive, while that of the first one is 
periodic and changes its sign synchronously with w;. Librational mo- 
tions result, when the branched part does not depend on u;. Here, 
too, this possibility is restricted to cases of degeneration. 

It is known that degenerate systems can always be reduced to non 
degenerate ones with fewer degrees of freedom.' We suppose this 
reduction to be accomplished, and we are then permitted to put aside 
the possibility of cyclic coédrdinates, performing a libration. We arrive 
then at the stat ement that, though these variables do not always increase 
monotonically, their eventual fluctuations are of a regularly rhythmical 
kind, so that their behavior is in agreement with their designation as, 
“conditionally periodic motions.” 


§ 6. INTRODUCTION OF ANGULAR COORDINATES. 


As one of the chief properties of conditionally periodic motions, we 
pointed out the possibility of describing them by angular coérdinates. 
We now proceed to show that these codrdinates and the corresponding 
canonical momenta can be found in our more generalized case in just the 
same way as in the case studied by Haeckel. We shall, moreover, show 
that everyone of the properties of these variables enumerated in § 2 
continues to hold. To avoid the asymmetry of notations coming from 
the fact that the momentum 4; is invariable while the other momenta 
are constant, we shall consider the general case, denoting the codrdinates 
of position by gi, ge, --* gs, the momenta by fy, --- p; and the constants 
of integration by a, a2, --+ ay (a; meaning the energy of the system). 
We start by considering the function of action 


f 
(26) W(q, o~? 2 ae, *** ay) = dy SPQ i" ** ay)dqi, 


in which separation of variables is accomplished. Hence the equations 
of motion follow by Jacobi’s method of integration in the following form 


ate 
(26’) i=l 
= shag ty (h = 2,3, °°°f), 


=< i=l 


8; denoting f additional constants. 


1Cf. P. S. Epstein, l.c., p. 179. 
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For the behavior of every individual variable g; we found in § 5 two 
different possibilities: either the state of the system is a periodic function 
of the same with the period 27 (i.e., the physical region of variability of 
gi equals 27); or the variable g; performs a libration, while the corre- 
sponding momentum ?; is a function of g; branched in a certain manner 
(Fig. 3). In the last case the partial derivatives 0p;/da, evidently 
belong also to the same branching type. Therefore while g; performs a 
libration and comes back to the initial value (resp. while g; increase 
by 27), the integral 


(27) ga Pode, i, hm 8,2, «++ f), 
Oa, 


changes by the “modulus of periodicity ”’ 
(28) Win = pot: dqi. 


Car 


The path of integration, symbolized by the circle at the sign of in- 
tegration is, in the case of a branched integrand (libration), an arbitrary 
circuit about the branch-cut of the integrand in the complex q,-plane 
which, however, is not permitted to include other singularities of the 
integrand.' In the case of unlimited increase of g; (periodicity) it is the 
real path of integration from 0 to 27. 

On the other hand, if one inverts equation (27) and regards the variable 
gi as a function of sis, gi turns out as a periodic function of this quantity 
with the period w,,.2_ This kind of dependence makes it possible to intro- 
duce new variables by the relations 


ow 1¢ 

— =t+ Bi t+—) ww, 
Oa) 2m i=1 

ow B : JZ - 
a ap a WinWi, 
Oa 7 2r i=1 ' 


due to Weierstrass, in such a way, that the state of the system becomes 
periodic with respect to the same, having the period 27. These are the 
angular codrdinates looked for, which, as follows from equations (29), 
are in this case also linear functions of time. 

Also the canonical momenta, corresponding to the angular coérdinates, 
are expressed in the same way as in Haeckel’s case. For it was shown 
by the author (l.c.), that there they are given by the expressions 


(30) us = — Spdai, (= I, 2, “o> f), 
27 


1 Such an integral was called by Riemann a ‘‘complete”’ integral. 
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the symbol of integration having the same meaning as in (28). These 
equations can be regarded as f simultaneous relations between the con- 
stants a, a2, --+ ay, on which the momenta ; are dependent, and can be 
resolved with respect to these constants. It follows that 


(31) a;= ai(M1, Uo, °°° uy), (4 =1,2,°°° f), 


where the first of these expressions gives the Hamiltonian function as 
we shall see immediately. 
We now multiply the equations (29) by da,/du; respectively and add 
all these equations 
Law a 1¢ £ fe) 
(32) an — = W; D Win — « 


h=10Q, Oa, 2mri=i {=I Ou, 


The path of integration in the formulz (28) and (29) can be regarded 
as a fixed one, independent of the constants a;, from which results: 


Ou; : 
Oar 





Wi = 27 


The second sum on the right of (32) hence becomes 


L Ou; : da, = Ou; 
f=10a, Ou, Ou,’ 








while the left side is reduced to OW/du,: 


ow PA Ou; 
—_ = w 
Ou, i=l Ou, 





The quantities u; are independent, all derivatives vanish, therefore, 
with the exception of the case 1 = k, in which the derivative becomes 
equal tor. From the sum on the right there remains the single term w,. 
We can therefore draw the following conclusion: if in the expression (26) 
of the Hamiltonian function, the constants a; are replaced by the new con- 
stants u; by means of equations (31), the following relations follow 


WwW = W(q, eee ar; U1, °*° uy), 
(33) ae, eye 
0g: Ou; 








According to § 2 these equations give the analytical expression of a 
contact-transformation, arranging the transition from the codrdinates 
u;, Ww; It results from this, that these latter variables are canonical 
coérdinates of the system. We have already pointed out, that the co- 
ordinates w; are linear functions of time, and that the momenta are con- 
stants. Lastly, the first of relations (31) shows, that the energy a is 
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expressed by the momenta u; only, and does not depend on the variables 
Wj. 
§ 7. COMPUTATION IN THE CASE OF PERIODICITY. 

The carrying through of the calculations given in § 6 generally presents 
difficulties. In the special case, however, where the second term of the 
Hamiltonian function is small compared with the first one (which is 
always the case in the theory of perturbations), it can be carried out by 
successive approximation. We shall show this first to be true in the 
case of periodicity. Returning to the notations of § 4, let the original 
coérdinates be u;, w;. By contact-transformation (15) we arrive at the 
system u,’, w,’, while u,’’, w,’’ are the angular variables. 

To begin with, we shall show how the momenta u,’ can be expressed 
by the new ones u;’’ and how the energy a can be calculated in terms of 
the momenta u,’’. We shall however restrict ourselves to the degree 
of precision required for the applications of Part II. (dealing with the 
theory of dispersion). 

The cyclic variables we’, w3’, ---wy;’ are disposed of in a few words. 
Since librational motions are excluded (cf. the end of § 4), the integration 
in (30) goes from o to 2z, and the momenta wu,’ being constant, this 
equation immediately yields 


(34) u,! _ u;", (4 _ 2; 3) —— I ». 


This result remains true for the case of librations dealt with in the 
next paragraph. 

We now turn to the non-cyclic variable w,’ and consider the case in 
which the corresponding momentum 1,’ is periodic. The limits of in- 
tegration of equation (30) are again o and 27; if we introduce for u,’ 


expression (24), there follows 
, 


ui; = Co 
and 
(35) uy’ = uy" +c cos wi’ + C2 cos 2w;' + «=>, 
where the coefficients c; depend on the constants u;", «++ u,’’. 


We now make use of our supposition that the quantity d’ in the Hamil- 
tonian function (17’) is small compared to H;’. This means that even 
H,’, neglecting the second term, gives a certain approximation to the 
real motion, at least for short times, and that momentum x,” differs 
only by a small quantity of the order b’/H,’ from the momentum 1,’ 
defined by the first term 
(36) uy’ = uy" + 6, 
where 
(36’) 5 = ¢; cos wy’ + C2 cos 2w;’ + «::. 
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We suppose functions H;,’ and b’ in the vicinity of u;’ = u,’’ to be 
developable in powers of the small quantity 6 


(37) ee = Ay'(uy" + 6) = do + 16 + a2 + -:-, 
b’(uy’) = (uy! + 8) = by + bod + O38 + <= -, 


where we put for short 


— I 0"H,’ P - I ob’ 
(38) a, = =( = ) ; basi = + ( =) 
Ou; uy /=u," ' Ou, uy/=u,"" 


The indices are so chosen as to indicate the order of magnitude of 
the term in question. 
When inserted in equation (17) this leads to 


Ao + a16 + aod? + --+ + (db; + B05 + +++) cosw,’ = a. 








We substitute series (36’) for 6 and arrange the expression according 
to cosines of the multiples of w,’: 


(a0 — a + 921 4 +? s+) + (ass +b, + +++) cos wy’ 


+ (4+ 2 + ae + +++) cos 230 + ++ =O, 


This relation being valid for any value of wy’, the coefficients must 
vanish individually, and this yields an infinite series of equations for the 
calculation of ¢;, C2, ¢3, ++: and a. Restricting ourselves to terms of the 
first and second order, we have 


b b 
(39) = = tg c= 5,8 (212 — dsb), 
b 
(40) a = a) + — (arbi — a;b2) + -es, 
2a, 


The problem of expressing a and 4,’ in terms of u,"’ is thus solved, 


but there remains that of expressing codrdinates w,’ in terms of the 
angular variables w,’’ and of the corresponding momenta u,;”’".. According 
to §6 we have to apply contact-transformation (33), while Jacobi’s 
function (26) assumes the form 


W = fusdw + > ui’wi, 
4=2 
or by use of formule (34) and (36) 


(41) W = > ul’w” + c1 sin wy’ + cz sin 20,’ + ++. 
t=1 


Contact-transformation (33) yields besides the relations (34) and (36), 
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already known to us, the new ones 


OC, ° I OCo . ‘ 
547 8in wa’ += sin 201 + ee (t=1,2,---f), 
i ‘ 





(42) wi’ =wi/ + 


whence by inversion (neglecting terms of the second order) 


(43) wi’ = wi’ — sa sin wy”. 

The transformations, hitherto used, are well fitted for studying the 
character of the motion, but they have the disadvantage of treating the 
pair of codrdinates w;, “; in a different way from the rest. By this an 
asymmetry is carried into the final formula which is not justified by 
physical reasons. 

For kinematical and dynamical conclusions it obviously does not 
matter what kind of coérdinates are used in describing the motion, but 
this is not so for the theory of quanta: as soon as quantum conditions are 
involved an arbitrary procedure may have dangerous consequences. 
The asymmetry should therefore be avoided, and this is easily accomplish 
The asymmetry should therefore be avoided, and this is easily accom- 
plished by use of a third transformation which is the inverse of (15): 


W = uy" (myw,'" fe cee m/w,''") of > uw", 
t=2 


(44) wii». Ww, 
aw!” =u; ae * 








6u,”” 


The formulz for the direct transition from u;, w; to u,;’/”, w,’”’ can be 
drawn from (15), (35), (36), (42) and (44). Using the abbreviations 


(45) —d = mw, + mews + +++ + mywy, 
—o(u’", -+- u’”; 8) = co sin 8 + 3ce sin 28 + 3c; sin 38 + ---, 


where coefficients c; are to be regarded as functions of the new constants 


u;’"", The formule looked for are found to have the perfectly symmetric 


form 
dg 


(46) uz = ul” +, ‘w!"” = wv; +8 


(é = 1,2, +++ f). 


These equations form a contact-transformation, which may be written 
thus 
W = > uw; a g(u;’”, eae ty!" v), 


t=1 
(47) ow = wil! ow 7 


i i 
ou,!”’ ‘ ow; , 
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In fact this transformation was introduced by Poincaré and adopted 
by Whittaker, the form of the function ¢ being left provisionally in- 
determinate. Whittaker’s results agree completely with the formule 
of this paragraph, but assumption (45) for the form of function ¢ is 
made by him quite arbitrarily, and it does not appear from his treatment 
whether this assumption is always admissible; whereas from our treat- 
ment it follows that this assumption is possible for a limited region of 
values of the constant a@ only, but that it is necessary in this region. 

Equations (39) and (40) continue to hold also if transformation (44) 
is applied, a, and 6, now meaning 


an = 2] (me ++ + m2) n| ’ 
(48) , _. aw 


I re) 0 \" 
bins on weedy 06+ Gene , 
tn! | (m Ou; +t om =) = 


§ 8. COMPUTATION IN THE CASE OF LIBRATION. 


The problem becomes more complicated than in the last paragraph 
if the variable w,’ performs librational motions. Theoretically it is 
always possible to represent the integrand of (25) in terms of a single 
variable, introducing “;’ by means of the equation of energy (17’): 


a — Hy'(u 
w,' = arcoos *— #1 (#1) , 
b (tu) 
whence . 
[= Hy’ (uy) 


, —_— , 
Sudwy = fuy'd arccos Vu") 

But practically this way turns out to be very tedious. In computa- 
tions of moderate precision one succeeds much more quickly by using a 
method explained in the following lines which forms an important part 
of our communication. But I have had no experience as to which pro- 
cedure is more convenient in calculations of great accuracy. 

To make clear the idea of our method, we shall consider the special 
form, under which the case of libration appears both in the theory of 
three bodies and in the theory of dispersion (keeping in mind that the 
scope of application of this method is a much larger one). In the prob- 
lems mentioned, librations occur only when the equation of energy (17’) 
assumes the special form 


(49) Hy’ + 28 Vui'-cos w;’ = a, 


where u;’ has a small numerical value and HA)’ and 8 are functions 
developable in powers of u,’, which may depend on the constants 
Ue’, +++ uy’ as well. 
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We make use of the expansion 


Pe = do + ayuy! + aeue” + -->, 
B(uy') = Br + Bos’ + Bur” +--+, 


where £ is not equal to zero. It follows from the equation of energy that: 


(50) 


(51) (do —at 2B; Vui’ cos wy,’ + aU’) 
ae (28; Vuy’ cos Wy’ + det;’)u;’ + --- = 0. 


This series converging more or less rapidly, we can provisionally neglect 
terms of higher order in , in order to get an approximate value of u,; by 
solving the remaining equation, and then build up an expansion of u,; by 
taking into account the neglected terms one after another. We have 
seen in §5, that, looked at as a function of the complex variable w,, 
the momentum 4, has two branch-points with the exponent 1/2. The 
point of our method is to form the expansion in such a way that every indi- 
vidual term of it shall be of this type of branching. 

We easily arrive at such an expansion in the following way: We denote 
the totality of all terms of relation (51), with the exception of the first 
parenthesis, by A 


(52) A = (282 Vuy’ cos w; + aeu;’)uy’ + ++: 
and thus write that equation in the form 

ao —atA + 26; Vu’ cos w;’ + au)’ = 0, 
which can be formally solved for V 1; 


Bi 


a, 





(53) Vu’ = cos wy’ + a cos? wy’ + a;(a — do) — aA. 
1 


If squared, and at the same time expanded in powers of the small 
quantity A, this equation gives 


I 
uj = — @ + 6; cos? w;’ F 28; V@ cos wy’ 
1 


(54) , , , 
— 0, (1 BOM Join 


Ve gu abo), 


with the abbreviation: 
(55) & = By cos? w;’ + ai(a — do) = By + a1(a@ — ao) — B;* sin? wy’. 
One gets the first approximation by entirely neglecting the quantity A 


(56) u = = {@ + B;? cos? wy’ F 26; Vf cos wy’}, 
1 


(56’) i = — Ft c08 ww,’ a 8. 
1 1 
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This approximation is sufficient for treating the case given in Com- 
munication III. The following point in these equations is remarkable: 
u;’ being real by its physical meaning, ¥@ cannot become imaginary, and 
consequently Vu,’ always remains real also. It follows from this that 
u,' is always positive and never passes through the value u;’ = o. 

The second approximation results, if the first one is carried into the 
correction term of the first order with respect to A, and if correction 
terms of higher order are neglected. To obtain the third, the second 
must be carried into the terms of first order and the first into those of 
second order, and so on. In any case u; is represented by a series, 
expanded in integer powers of V®, and this latter function V@ is evidently 
of the type of branching desired. 

At every step of approximation the momentum acquires the form 


(57) u;’ = F(cos wy’, V8), 


where F is a rational function of the two arguments. Hence, according 
to (30), momentum u,”, corresponding to the angular variable results in 
the form 


(58) uu,’ = = g F(cos w,', V@)dwy’. 
TT 


The path of integration in the complex w,’-plane is here a circuit 
around the two branch-points A, Az of the exact function 1,’ which 
do not coincide exactly, but only approximately with those (B;, By) of 
the square root V (Fig. 3'). Aclosed curve (c), however, which embraces 
the first two branch-points, if plotted in a suitable way, encloses also 
the latter two. We can therefor regard (58) at any degree of approxima- 
tion as a ‘“‘complete”’ integral, encircling the branch-cut of function Ve, 
which means a considerable simplification of the considerations. 

Equation (58) gives us therefore 1,’ as a function of energy a. By 
inversion (e.g., using successive approximation) the looked-for dependence 
of energy on the momentum 1,” is found. For the purpose of Com- 
munication II., the first approximation given by equation (56) is suffi- 
cient: the part which is rational with respect to cos w;’ yields no con- 
tribution to the integral, and this reduces to 
(59) m4” = 1) VB? + a;(a@ — ao) — BY sin? wy’-d sin wy’. 


ra; 





Account is already taken in this expression of the double sign of the 
square root, because, proceeding along the path of integration, the sign 
changes automatically at the moment of passing from the lower to the 


1 We recall that in § 5 the accents at the letters were dropped. 
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upper bank of the branch cut. We shall agree, that 1,” is positive, 
which is true, if, 8; being positive, we attribute to the roots (56) and (56’) 
the lower sign on the lower bank of the branch cut!. The integration 
is easily accomplished and yields: 


By + ai(a — ap), 


a; 





(60) uy," = 


from which the expression of energy looked for is obtained in the form 


os Bi? ” 
(61) a@ = do —— + au". 
a 
Without entering into the particulars of the deduction, we will give 
the second approximation of the energy also: 


a= da — oe. & “(eas — 4281) + ayu;” 
(62) ” sa 
= 4 (@1B2 — @28)uy"" +3 uy". 
It must be kept in mind that, for the momenta 1’, 3’, --+ us’ corre- 


sponding to cyclic coérdinates, relations (34) remain valid 


(34) ui’ = u,”, (i = 2,3, «+: f) 
and that the quantities ao, a, 8; are expressed in terms of the constants 
Ue’, Us’, +++ Us’. By (61) or by (62) the energy a is therefore given as a 
function of the momenta u,;/"(4 = 1, 2, --- f). 

In order to pass from the variables w,’, u;’ to the angular codrdinates 
w,’’, we make use again of the contact-transformation (33). The func- 


tion of action 


W = S u'dwy oe . uy’ wy’ 


t=2 


is now to be expressed in terms of the variables u,’’ and has which yields 
according to (56), (61) and (34): 


PA 2 
(63) W= >: u’w;! + By Cos 2w,’ 
t=2 


a 





2p" : . 
+ af S Vayu; — By sin? w;’-d sin wy’, 


aw ,_ ow 


. 


(64) _— = Ou,” ’ uj; aw, ° 


1 If 81 is negative, in all following formule of this paragraph the sign of 81 must be changed. 
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From the first of the equations (64) there follows fori = 1 





. By : 
(65) w,'’ = w,;’ — arcsin ( —— sin wy’) h 
M7 
a,NU, 
or 
Bi : ae ° ” , 0. ne? , 
—— sin Wy = —'SIN W;'-COS W; + COs wW,"’- sin wy’, 
ay Vu; 
whence 
rs ene ” 
sin w;’ = — ayVu;" sin w,"’ 


’ 





Ve, + ayn," — 20:6; Vu; cos w;” 


66 4 
(66) cos w;’ = Bi — a; Vu," cos w,” 





Ve + au; — 20:8; Vuy" cos wy” 





~ 


Introducing these expressions into equation (56’) and taking into 
account our convention with respect to the sign, we have 





— I —— 
(67) Vu’ = — a, V2 + au; — 20;8;Vu;" cos wy”. 


Our relations (66) assume therefore the form 
Vu; sin wy’ = WVu;” sin w,"’, 
B 


a 


(68) 


I 


Vuy' cos wy’ : + Vu,” cos wy”. 

If 8; is not positive, but negative, the upper sign of formule (56) and 
(56’) must be chosen. Then in equations (59), (65), (66) the constant 
8, and in (67) the square root also undergo a change of sign, whereas the 
final formule remain unchanged. 

By means of the transformation (63), (64) it is also easy to express 
the variables we’, w3’, ---w,’ in terms of the angular codrdinates. This, 
however, is not necessary for the applications of Communication II. 

By the special form of the energy equation (49) codrdinate 1,’ is really 
emphasized so that the asymmetry involved in contact-transformation 
(15) is physically justified. A further transformation of these equations 
is therefore superfluous in the case of this paragraph. 


§ 9. WHITTAKER’S MODIFICATION OF DELAUNAY’s METHOD. 


In our introduction we have already mentioned an investigation on 
the theory of perturbations, due to Whittaker. The chief assumption 
of his method consists in us ng expansion (45) for function g of the 


1 We write (—), making use of the abitrariness of sign at )/ ur”. The sign of f/ uy’ being 
negative according to (56’), we shall ascribe to )/ u:’’ also the negative sign. 
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contact-transformation (47). As we showed in §7 this amounts to 
supposing the momentum 1,’ to be always developable into the Fourier- 
series 

uy’ = Co + €, Cos Wy’ + C2 COS 2Wy’ + ++>. 


Whittaker thus makes the assumption that momentum uy,’ is always a 
periodic function of the variable w;’, whereas we showed in §§ 4, 5, that 
besides this possibility there exists the other one of librational motion 
and that in every individual case it depends on the numerical values of 
the constants whether the one or the other alternative is obtained. We 
see from these facts, that Whittaker’s method exhausts the problem not 
totally but only in part. 

That the case of libration is by no means of minor importance we 
conclude from its occurring both in the problem of three bodies and in 
the theory of dispersion (cf. Communications II. and IV.). Using 
Whittaker’s procedure of approximation uncritically one always runs 
the risk of applying expression (40) outside the limits of its validity, for 
these limits cannot be determined from that procedure, but only from 
general considerations such as those of our §§ 4, 5. We will discuss the 
simple instance of the physical pendulum in order to show to what 
mistakes one is liable to fall a victim. 

Let / be the reduced length of the pendulum in its mass, a the energy, 
g the acceleration of the field of gravitation, and # the angle of displace- 
ment measured from the center of oscillation. Then the energy equation 
is 
(69) p? +n cos 3 = C, 


putting, for short, u = 2m*gi’ and C = 2ml’a. According to (30) the 
momentum corresponding to the angular codrdinate is then 





I I 
(70) u = Pods = 2 § Wop, 


Even in this simplest case the two paths of integration, mentioned in 
§§ 4, 5 must be discriminated: 

1. C > uy, 1.e., the pendulum swings over and performs a rotational 
motion. This is the case of periodicity, for p is then a periodic function 
of the angle # and the integration must be extended from 0 to 27. We 
reduce the elliptic integral (70) to its normal form 


- Com PI — we sint 2 = 2" 
w= ft Ss Msint- > F= $e 


With the assumptions made 2 is less than unity and the integral by a 
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usual method becomes 


oy ee oe ae 


whence 


— ca te 
(71) C= w+ a + 


2. C < uy, this is the more usual case of the librational motion or oscilla- 
tion of the pendulum. As shown in § 6 the integral must then be taken 
in the complex plane around the branch cut of the integral. The modulus 
k is larger than 1, and it is advisable to transform the integral, introducing 
a new variable by the substitution k sin 8/2 = sin y: 


vote" ay aa I | 
Ss. 4... 
T V2u deo V2u ii 8k? 








5 sin? y 


and 


(72) C= Vayu (1- "4. 
; 8 V2u 

We have therefore in the case C > yw an expansion in decreasing powers 
of u?, in the case C < yw one in increasing powers of u. It is here quite 
evident that the case of libration should not be overlooked and that 
applying the expansion in decreasing powers to the case C < y is not 
permissible. In most problems of the theory of perturbations the circum- 
stances are not so transparent and must be carefully analyzed. 

We admit that this case, discussed for illustration because of its sim- 
plicity in calculations, does not entirely correspond to the conditions of 
the perturbation theory: librational motion only occurs when the term 
u cos & is no longer small compared with ~*? but has the same order of 
magnitude. One can therefore scarcely regard the oscillation of the 
pendulum in the field of gravity as a perturbation of the rotational 
motion without field. There are however enough cases in the theory of 
perturbations in which a very small term produces a decisive change of 
the analytical character of the whole problem. We have seen in § 4 
that the derivative 0b/du,; discriminates between periodicity and libra- 
tion. Now just in the special case studied in § 8, we have 6 = 26%; 
and 0b/du; = 8/u; (neglecting small terms). Thus, if u; has a very 
small numerical value, a very small perturbational term may have a 
numerically large derivative and may exercise considerable effect. 


10. ASPECTS OF THE THEORY OF QUANTA OPENED UP BY THIS METHOD. 


In our preceding considerations we tacitly supposed that the un- 
disturbed motion, given by the Hamiltonian function H, of equation 
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(12), does not belong to the class of ‘degenerate’ motions. With this 
supposition we arrived at the conclusion that in passing from one approxi- 
mation to the next one the momenta, suitable for quantization according to 
(11), change by small correction terms only. 

We will now drop this restriction and extend our considerations to 
degenerate systems. The property of such systems which is most im- 
portant to us! is the existence of one or several commensurabilities be- 
tween the average motions (10), having the form 


(73) RiQ) + RkeQ, + +--+ + RQ = 0, 


where k;, ke, --- ky are whole numbers. The number of existing com- 
mensurabilities we shall call the “degree of degeneration.” The highest 
degree possible is obviously f — 1, only one of the variables w; remaining 
independent. This highest degree of degeneration is reached by periodic 
motions. 

Among the terms of perturbation function (12) such may occur which 
have just the argument 


Ryw; + Rowe + +++ + kywy, 


where by k; are denoted the same numbers as in (73). Such terms can 
properly be called ‘‘degenerate terms.’’ The special properties of these 
degenerate terms appear, when transformation (16) is applied, for the 
canonical equations yield 


0H 
(74) Jat = wt = bss + +++ + k@Qy = 0. 


Function H is thus altogether independent of u;’ and is therefore a 
constant, all other arguments (u2’, us’, --- uy’) of this function being 
constant. We can combine this constant with the energy and write 


(75) a’ =a— HM, 


whence (17’) assumes the simpler form 


, 


(76) b(u) cos w; = a’. 


Now in this equation the term 5() cos w, is no longer a small correc- 
tion term, but the only variable term. This circumstance requires that 
a degenerate term produces not a small correction of the special coérdinates 
justified for quantization, but a decisive change of the same. 

For the convenience of the following communications we shall put 
together the formule for the treatment of degenerate terms. The 
methods used in §§ 7, 8 cannot be applied here, and we will follow the 


1Cf. P. S. Epstein, Ann. d. Phys., 57, p. 179, 1916. 
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procedure briefly mentioned in the beginning of § 8. We obtain 











I 0b 
(77) ae 
Vet — a” 
and according to (30) and (34) 
I 1 0b 
(78) uy) = — — a du; 
wd . ui =u, (4 = 2,3, °°'f). 
Vo? — a” 


By means of these relations a; must be determined in terms of the 
quantities u,;’._ The angular codrdinates then result from the contact- 
transformation 


f 
W = fudw + >> u,/w; 
i=2 


aw _ aw 


‘= —, “= 
ou,’ , OW; 


Wi 





where “, must be regarded as a function of u,’ and w; given by equations 
(76) and (78). In this manner we obtain 


re] 
wi =f at dw, 
Ou, 
(79) du 
wi = wt S77 du, (¢ = 2,3, ---f). 


Taking the logarithm of equation (76), we have 
log 6 = log a’ — log cos wi, 
and differentiating partially with respect to u,’ 


1 0b Ou, 1 0b I da’ 


b Ouy ou,’ b ou,’ - a’ ou,’ 





In particular: 0b/du;’ = o, from which 


(du, 5b 1 da’ 


Ou,’ - ab a’ du,’ 
Ou, 





(80) 


A 








Ou fiat 1 
du) = Ab] a’ Auy’ —b Ou,’ "  @=2,3,°°:f). 


Ou; 
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Finally: 
I da’ duy 
Seek be Tt meer 
a’ Ou 7 — a” 
(81) da’ ‘2. 
re our, =. - du, 
we =wt da’ Wy + Yi pe - a . 
Ou,’ 





From the above it appears that the degenerate terms are the most 
important for determining the codrdinates of quantization. It is there- 
fore desirable to have a method of separating them from the perturbation 
function when the Fourier-expansion of the same is not yet found. To 
such a separation the following simple consideration leads: Let the 
perturbation function of equation (8) be formally expressed in terms of 
the angular coérdinates u,;, w; of the first intermediate motion. Ascribe 
to the variables u;, w; that dependence on time which they possess in the 
first intermediate motion, 7.e.: u; = const., w; = Q¢ + 6; If you form 
the time average of R; for an infinitely long time, you obtain besides the 
constant term of R;, independent of the variables w;, just the sum of the 
degenerate terms which also are constant, the time dropping out from 
them according to relation (73). 

In this way we write 

“ Sg 
Q = R,; = lim zf Ridt. 
t=0 1 Jo 

The time average being independent of the choice of codrdinates, we 
can express Q by any other set of codrdinates instead of the angular 
variables provided that we ascribe to them that dependence on time 
which they have in the first intermediate motion. In particular the 
number of coérdinates of a degenerate conditionally periodic motion can 
always be reduced by the degree of degeneration and there can be found 
a special system of f — s separation variables.!_ Let these special co- 
ordinates be denoted by qi, ge, --+ gs-s, and the corresponding canonical 
momenta by f1, po, «++ prs, SO that p; = P:(Gi; a1, a2, +++ ays) where a; 
denote the constants of integration. Then the time average (82), 
according to a theorem due to Burgers,? can be expressed in the following 
form, convenient for computation 


(83) O=R=5 IF +++ GRiFdqdg: ++ day» 


1P. S. Epstein, l.c., p. 179. 
2 J. M. Burgers, Verslagen Amsterdam, 1917. 
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where F and A are the two determinants 


p= | o?el, 

(84) we 
~| cb 22: ; a a 
a=| gp Pag, (t,h = 1, 2, f-s). 





When the highest degree of degeneration appears the undisturbed 
motion is a periodic one, and the average for a long time can be replaced 
by the average for a period. In this case our function Q is identical with 
Bohr’s function Y by which the choice of coérdinates is determined 
according to his rules. Though Bohr’s rules are derived from an entirely 
different point of view, they agree substantially with ours.! 

Also in the other cases discussed by Bohr the directions given by him are 
closely similar to ours. If the undisturbed motion is non-degenerate, 
the effect of a very small perturbation depends essentially on the aperiodic 
term (i.e., the constant term, independent of w,, --- wy); for according 
to formule (40) and (61) all other terms yield changes of energy, con- 
taining the small quantity 5; (resp. 8,) quadratically. This aperiodic 
term, if quantities of the second order are neglected, must be expressed 
by the original codrdinates of the undisturbed motion so that the changes 
in the motion produced by the perturbation need not be investigated 
at all in this case. 

In motions entirely or partially degenerate the degenerate terms must 
be discarded one after another in the way described. If we denote by s 
the degree of degeneration, the problem is reduced to a non-degenerate 
one in s steps.2, Therefore every motion to which the general theory of 
this paper is applicable is in principle liable to rigorous quantization; 
and in this consists the chief difference between our view and that of 
Bohr, which makes us expect rigorous quantization to be impossible in 
most cases, and therefore, spectral lines to become diffuse. It is, how- 
ever, to be pointed out that the convergence conditions of the procedure 
become extremely unfavorable if several degenerate terms exist, so that 
the determination of quantization codérdinates may become impracticable, 
owing to difficulties of computation. But in any case much is already 

1 We believe that in the text of this paragraph general and unambiguous directions as to 
how such terms are to be treated are for the first time given. Bohr'’s (l.c., p. 55) assertion that 
the integral must be taken between the limits @ and 27 of his variables fi appears to be a 
mistake, for generally 8i has not the dimension of an angle. In discussing instances Bohr 
and Kramers make use of special artificial methods, applicable to the cases in question only. 

2 The case may occur that the disturbed motion is also degenerate, having a degree of 
degeneration S (< s). Then the reduction is accomplished ins — S steps. This involves no 


change in our conclusions, a degenerate system being formally reducible to a non-degenerate 
one of fewer degrees of freedom. 
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gained if a method is known by which the treatment can be attempted 
generally, and carried through in part of the problems. In Communica- 
tion III. we shall discuss an instance of practical importance for this 
case: the combined effect of magnetic and electric fields on a hydrogen- 
like atom. 

It is an important question as to whether the resulting codrdinates 
are independent of the arbitrariness, lying in the unrestricted choice of 
the first intermediate motion and of the order in which the degenerate 
terms are taken into account. As a matter of fact by a rather simple 
consideration this independence can at least be made very probable. 
We shall, however, return to this problem at a later opportunity, and 
will only mention here that in most of the applications the first inter- 
mediate function has a physical meaning: it represents the original or 
normal motion of the system, while the perturbation function gives the 
effect of some external source of disturbance. By this the arbitrariness 
is practically removed. It is moreover obvious that the order of treat- 
ment is of no consequence if a greater number of operations is carried 
through than the number giving the degree of degeneration; the system 
is no more degenerate at this step of approximation and has therefore 
one set of separation variables only. 

As mentioned in the introduction, the above considerations were 
worked out in 1917. The lack of agreement with experiment in the case 
of the helium spectrum caused me however to reject the whole theory.” 
But when Bohr in his above mentioned papers established nearly the 
same quantization rules which follow from my method, my confidence in 
it was revived. The scope of this method seems however to be confined 
to motions of a single electron in a stationary field. 

I should not like to conclude without expressing my sincere thanks to 
Mr. I. S. Bowen, who kindly looked through the manuscript of this 
paper, correcting and smoothing my English style. 

CALIFORNIA INSTITUTE OF TECHNOLOGY, September, 1921. 


1 Bohr declared this system to be non-quantitable, l.c., p. 93, 94; Abhandlungen iiber Atom- 
bau, p. XVII; Braunschweig, 1294, if the directions of the two fields enclose a finite angle. 
But we shall see that it can be rigorously quantized from the point of view of our method. 

2 Cf. P. S. Epstein, Die Naturwissenschaften, p. 230, 1918. 
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THE ELECTRIC FIELD OF A MAGNETIZED SPHEROID 
ROTATING ABOUT THE AXIS OF MAGNETIZATION. 


By OswALp ROGNLEY. 


SyYNopsIs 


Electrostatic Potential Due to a Rotating Magnetized Spheroid.—Taking the axis of 
symmetry as both the axis of rotation and the direction of magnetization, and 
assuming that the gradient of the potential is at each point equal to [v- B]/c where v 
is the velocity, B the induction and ¢ the speed of light, formule are derived for 
the potential at any point on the surface or outside of it (a) when the spheroid is 
insulated and uncharged as a whole and (+) when the axis is kept earthed. In the 
latter case the change of potential of the surface as a result of reversing the mag- 
netization is equal to 2Bwb*/3c, where w is the angular speed and 2b is the maximum 
diameter. This change may be measured by the resulting change of potential of 
a stationary shell surrounding the spheroid. For example, in the case of a long iron 
cylinder (which is approximately equivalent to a spheroid of the same maximum 
diameter) of 4 cm. radius, with an induction of 18,000 e.m.u. and revolving 100 
times a second, the change of potential of a cylindrical shell of 4.5 cm. radius would 
be about 0.9 volt. 

Experiments on Unipolar Induction are Briefly Discussed to indicate the bearing of 
the above results upon them. 


N a recent paper, Professor W. F. G. Swann! has discussed the subject 
of Unipolar Induction; and as an illustration of the theory developed 
he has deduced the expression for the potential due to a uniformly 
magnetized sphere rotating about a diameter parallel to the axis of 
magnetization. In a later paper? he has given an expression for the 
alteration of potential of an insulated shell surrounding a magnetized 
sphere when the latter is set in rotation, its axis being earthed; and he 
has described experiments verifying the expression. Since the magnets 
used in experimental work are usually of an elongated shape, and since 
thee effect of high permeability would be greater in such a case than ina 
sphere, it has been thought desirable to extend the problem to the case 
of a prolate spheroid rotating uniformly about its axis of magnetization. 
We shall take as the equation of the spheroid: 


The magnetization shall be along the axis of x, which shall also con- 
stitute the axis of rotation, the direction of rotation appearing clockwise 
as viewed by an observer looking in the direction of the magnetization. 
We shall work throughout in Heaviside units. 


1 Swann, Puys. REv., (2), xv, 365-398, 1920. 
? Swann, Puys. REv., (2), xix, p. 381 (1922). 
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According to the theory as set forth by Professor Swann, the sole 
agency which is ultimately responsible for the electrostatic distribution 
is the motional intensity [v- B]/c, where v is the velocity of an element of 
the matter, B the induction, and c the velocity of light. Thus the equa- 
tions of equilibrium are contained in 


— Grad v+PF uo. (1) 


If w is the angular velocity this leads to 


av_ AV _ Buy, aV_ Bus, 
ox . dy c dz c 


These equations give, for the potential of a point within the spheroid, 
B 
V=—(O+#)+ Vo (2) 


where Vo is a constant which obviously represents the potential of the 
axis and which is arbitrary until we assign some further condition, for 
example the total charge (zero or otherwise) which the spheroid is to have. 

Outside of the spheroid, the potential will satisfy Laplace’s equation, 
and the solution of the problem consists in finding a solution of Laplace’s 
equation which will reduce to (2) on the surface of the spheroid and to 
zero at infinity. The constant Vo will then be determined for the extra 
condition imposed, e.g., zero potential on the axis, or zero total charge. 

Changing to prolate spheroidal coérdinates we may write, for the equa- 
tions of intersecting surfaces, 


x? y+ 2 : 
Sas. t oo = 1 (prolate spheroid), 
xt f+ 


= 1 (hyperboloid of revolution), 





d* tanh? B ~~ @ sech? B 


where 2d is the distance between the common foci. a and £ are now the 
coérdinates of a point in space. In this system of coérdinates Laplace’s 
equation assumes the form, 


: eV eV 
sinh? a ja? 4. cosh? B ap = O. (3) 


a may range from « too, 8 from — ~ to+ . Bis taken negative for 
points to the left of the plane through the origin perpendicular to the 
axis of rotation. To transform from rectangular coérdinates to the 
above system we have 


x = dctnha tanh p y? + 2 = dcscha sech B. 
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It is known that the solutions of Laplace’s equation as given above, 
applying to external and internal points respectively, are 


V, = 2A,P,(tanh 8)P,(ctnh a), (4) 
V2 = 2B,P,(tanh 8)Q,(ctnh a), (5) 


where P, and Q, are the ordinary Legendre coefficients of the first and 
second kind respectively. 

Equation (2) after transformation of coédrdinates gives for the potential 
on the surface of the spheroid, a = ao, 


= =< d? csch ap sech B + Vo. (6) 


This must now be put into the form of (5) for the surface of the spheroid 
and the coefficients so chosen as to make (5) equal this when ap is put for a. 
The result is, using 


P:(ctnh ao) = $(3 ctnh? ap — 1), 





2Bwd? P.(ctnh ao) = J 
va 2 = ox(ctnh 
9c | aaa 

BS P.(ctnh ao) _ 


Q2(ctnh ao) 


4 Qo(ctnh a) — 
P,(tanh 8)Q2(ctnh «| + Vo Qo(ctnh ao) 





This can be simplified since 


= _ 3(@ _ 
P2(ctnh a) — I = 5 (gctnh? ao -—-1)-1= 3(¢ _ :) = = 


VY = 





1 Bub? Bax a) Patten FOr 2) | 
= ©€ Qo(ctnh ao) Q2(ctnh ao) 
Qo(ctnh a) 


+ Ms Qo(ctnh ao) 


(7) 
If the spheroid is insulated, the total quantity of electricity upon it is 
zero. This means that at an infinite dist ance from the origin the potential 
must vanish to a higher order than would be the case if the spheroid 
contained a resultant charge. Now d-ctnh a is the major axis of a co- 
ordinate spheroid defining a position in space, and is therefore of the 
same order of magnitude as r, the distance from the origin. Thus, the 
potential due to the insulated spheroid must vanish to a higher order 
than 1/ctnh a at infinity. 


ctnh a+I 


I 
tnh a) = —- log — 
Crlctnh «) 2 ” ctnha —I 
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iat inom : a_i 
ctnha 3ctnh'a 5 ctnh'a 
Q2(ctnh a) = - ~ P,(ctnh a) log omet? 3 ctnh a 
ctnha—I1I 2 
2 I 4 I 


15 ctnh? a 35 ctnh’ a 
It is seen that Qo(ctnh a) contains terms in 1/ctnh @ but that Q2(ctnh a) 
contains no such terms. The only way then, in which the potential can 


vanish at infinity to a higher order than 1/r is that the coefficient of 
Qo(ctnh a) for the potential is zero. This determines Vo as 





(8) 


We have therefore for the potential at an external point due to the 
insulated spheroid 


Bub? P,(tanh 8) 
ae Gictah an Q2(ctnh a) . 

It is interesting that this potential is independent of the length of the 
major axis of the spheroid. If the axis is earthed then Vo = o and we 


have from (7), 


_ 1 Bob? — [ee a) _ P2(tanh 8)Q2(ctnh a) | 
“ge Qo(ctnh ao) Q2(ctnh ap) 





V=- 


(9) 








The potential at any point on the surface of the insulated spheroid is 


V= - ins, (tanh ) (10) 


and that at any point of the spheroid with earthed axis is 


va eal ~ P,(tanhg)]. (11) 


The change of potential due to earthing the axis is therefore 


1 Bob? 
3.éi€ 


AV = 





Although our formula has been worked out in Heaviside units these 
results are also true when V is in ordinary electrostatic units:and B is in 
ordinary electromagnetic units. If the axis remains earthed and B is 
reversed in sign then the spheroid alters its charge to the extent corre- 
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sponding to a change of potential of amount 


2 
valle. (12) 


3 ¢ 

Application to Experiments on the Rotation of Magnetized Bars.—We 
shall make a rough calculation which will give us the order of magnitude 
of the effect to be expected in an actual experiment. The case will 
be that of an iron cylinder rotating in a solenoid and having a cylindrical 
shell surrounding it inside the solenoid. The shell is connected to an 
electrometer so that the change in potential on reversing the magnetizing 
current may be measured. This change will be, making the assumption 
that the cylinder is the equivalent of a spheroid whose minor axis is 
equal to the radius of the cylinder, 


_ 2 Bob? qu _ _ 4anBb? gis 


AV = ’ 
3 € 22 3C = 22 


where m is the number of revolutions per second, 6 the radius of the 
cylinder, g:2 and g22 are the ordinary coefficients of induction and capacity, 
the ellipsoid being the body denoted by subscript unity and the sur- 
rounding shell that denoted by subscript 2. Suppose B = 18,000, 
n = 100, 6 = 4 cm. Let the radius of the cylindrical shell be 4.5 cm. 
and the lengths 50 cm. Then since the shell completely surrounds the 
inner cylinder, 
ge =—-gu=- 5° _ = — 221 cm. about. 


2 log 4:5 


Take go2 = 300 cm. Substituting these values in (12) we obtain for 
the change in potential of the cylindrical shell due to the reversal of the 
magnetizing current in the solenoid, AV = 0.88 volt. 

Bearing of the Results upon Experiments on Unipolar Induction.— 
Experiments with the object of detecting the electric field of rotating 
magnetized bodies have been made by E. H. Kennard! and by S. J. 
Barnett.2, In these cases the rotating system was surrounded by a 
shield for the purpose of protecting the electrometer system from acci- 
dental electrostatic effects. Presumably the idea was held that, in so 
far as the magnetic lines existed outside the shell, the latter would have 
no effect on the phenomena primarily under investigation. While it is 
true that the ultimate effect is dependent upon an electric field which is 
of electrostatic origin, and which is consequently rendered impotent as 


1 “Kennard,” Phil. Mag., S. 6,'23, 937, 1912. 
? Barnett, Puys. REv., (1) xxv, 323, 1912. 
















SECOND 
6 I 4 OSWALD ROGNLEY. SERIES. 


regards its influence on the electrometer system on account of the shield 
this field arises as a direct consequence of the electromagnetic actions 
under investigation, and is not to be put in the category of accidental or 
irrelevant disturbances. Had this field been observed in the experiments 
cited, and had there been no question as to its not being of accidental 
origin, its experimental realization would undoubtedly have been re- 
garded as a factor of fundamental interest in relation to the phenomena 
under examination. The comparatively large magnitude of the effect 
(an increase of 0.88 volt in the electrometer system) which the foregoing 
calculation shows to be possible provided the effect is not shielded off, is 
therefore not without interest. 

I am grateful to Professor W. F. G. Swann, who suggested the problem, 
for his interest and advice. 


UNIVERSITY OF MINNESOTA, November, 1921. 
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HALL EFFECT AND SPECIFIC RESISTANCE OF 
SILVER FILMS. 


By G. R. Walt. 


SYNOPSIS. 

Hall Effect and Specific Resistance of Silver Films, 200 to 20 pp. Thick.—In agree- 
ment with previous results, the specific resistance increased more and more rapidly 
with decreasing thickness, becoming infinite for about 20 wu. On the other hand 
the Hall coefficient was found to be the same in the films as in the bulk metal. The 
thicknesses were computed from the weight of silver in each film, assuming the den- 
sity that of the bulk metal. The films were obtained by chemical deposition. 

Theory of Electrical Conduction in Thin Films.—After discussing various pro- 
posed theories in the light of the above results, it is concluded that these and other 
facts are in harmony with the simple conception that the film consists of granules, 
each having the properties of the bulk metal, and that conduction occurs only along 
strings of granules in contact. 

Brashear Method of Depositing Silver Films.—Exceptionally hard films whose resist- 
ance, instead of decreasing, increased slightly with time, were obtained by using about 
four times the amount of sodium hydroxide specified. 


HISTORICAL. 


Miss Stone! in 1898 found that the specific resistance of thin silver 
films was greater than that of bulk metal, and that it increased with de- 
creasing thickness of the film down to a thickness between 50 wu and 
60 wu, where it almost suddenly became very great. Other workers in 
the field of films, since that time, have obtained similar results. Among 
the contributions to this field may be mentioned the work of Vincent,? 
Longden,* Patterson,‘ Reide,’ Swann,* Pogany’, Weber and Oosterhuis,® 
and King.’ 

Moreau” made an investigation of the Hall effect in silver and nickel 
films. He found that the coefficient of the Hall effect in the films was not 
constant for various thicknesses, being much greater than the value in 
bulk metal for the smaller thicknesses and decreasing to smaller values 
than that in bulk metal at a thickness greater than about 60 uu. 


1 Puys. REv., (1), vi, p. 1, 1898. 
2? Ann. d. Chim. et Phys., 7, p. 421, 1900. 

3 Puys. REv., (1), xi, p. 40 and p. 84, 1900. 
4 Phil. Mag., 4, p. 652, 1902. 

5 Ann. d. Physik, 6, p. 881, 1914. 

6 Phil. Mag., 28, p. 467, 1914. 

7 Phys. Zeitsch., 15, p. 563, 1914. 

8 K. Akad. Amsterd. Proc., 19, p. 597, I917- 
® Puys. REv., (2), x, Pp. 291, 1917. 

10 Journ. de Physique, 10, p. 478, 1901. 





. 
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EXPERIMENTAL METHODs. 


Deposition of Films.—The resistance of films, obtained by the Bra- 
shear' method of chemical deposition, decreased with time, a phenome- 
non experienced by other investigators. By increasing to about four 
times the amount of sodium hydroxide specified in this method, excep- 
tionally hard films were obtained, their resistances increasing slightly 
with time, occasioned probably by a combination of the film with gases 
of the air. Cleanliness of the glass surface and purity of chemicals were 
extremely important in the production of satisfactory films. 

Determination of Thickness—The thickness of a film was determined 
from the weight of the silver composing it and, as a check, from the 
weight of silver iodide after the film was transformed. The densities of 
silver and silver iodide were assumed to be those of bulk silver and ordinary 
silver iodide respectively. Determinations of thickness by the two 
methods of weighing were used only after they had been proved superior 
to the Newton ring method by a rather extensive investigation. 

Measurement of Resistance-——The resistance of the films was measured 
as soon as possible after they were dry, or usually a few minutes after 
being removed from the solution. In order to determine the contact 
resistance between the electrode and the film, four electrodes were placed 
upon the film. Let a, b, c, d represent the four electrodes, c and 6 being 
placed very near to each other at one end of the film and a and d near 
each other at the opposite end; then using the measurements of resist- 
ances between a and 8, a and ¢, a and d, b and ¢c, b and d, ¢c and d, six equa- 
tions were formed from which two independent values of the film’s re- 
sistance were found. 

Measurement of the Hall Effect—The films were cut into the shape 
shown in Fig. 1, the electrodes for the primary current being connected 
at A and B, while those for the measurement of the Hall effect were con- 
nected at C and D. The latter electrodes could be shifted accurately 
by removing some of the film at one or both of the narrow necks. The 
equipotential points could thus be easily found and permanently retained. 

The film under investigation was placed in a holder made of insulating 
fiber (Fig. 2) upon which had been fastened three electrodes and a groove 


Fig. 1. Fig. 2. 


for the fourth. The electrodes were made of spring phosphor bronze 


1 Astrophys. Journal I, p. 252, 1898. 
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and shaped as shown in Fig. 2. In order to secure the best contact 
between the electrode and the film, the point o of the electrode was fitted 
into a small dent of a triangular piece of copper whose underside had 
been made plane. This triangular piece of copper was placed upon the 
film with a small piece of aluminum foil separating the two. The above 
holder and design of electrodes were used in the measurements of the 
resistance as well as the Hall effect. 

The experimental arrangement for the measurement of the Hall effect 
consisted of a double potentiometer and is shown in Fig. 3, A, B, C, and 
D are resistance boxes, the resistances in B and in C being large in com- 
parison with the resistances in A and in D, respectively. The drop 
across the box D was so adjusted that it was just equal to the Hall effect. 
G; is a Leeds and Northrup galvanometer having a sensitiveness of about 
10° volts per mm. scale deflection. Bz is a storage cell furnishing the 
primary current for F. A, is an ammeter for the measurement of this 
current, which was varied (by altering R) from approximately 0.0015 
to 0.03 ampere, the thicker films permitting the larger currents. 


af 


Since the Hall effect was measured by taking the drop in potential 
across D necessary to prevent a deflection of the galvanometer G,, then 
e - AV} (Di — Dy) 

(A + B)(C+D)’ 
units, D; and Dz are the values of D necessary to prevent a deflection 
of G,; with the magnetic field in opposite directions, A, B and C are the 
resistances shown and V s the potential difference of the cell B;, measured 
in c.g.s. units. 

The magnetic field was furnished by a large electro-magnet, the faces 
of whose pole pieces were four centimeters in diameter and one centi- 
meter apart. The field strength was measured by means of a bismuth 
spiral calibrated for this purpose. The measurement: of the field for 
different currents through the magnet over a duration of five years using 

















Fig. 3. 


where E is the value of the Hall effect in c.g.s. 
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two different spirals gave differences of only 0.8 per cent. The fields 
used were from 5,000 to 12,000 lines per cm.? 





























TABLE I. 

vim | « | ZHI. | K Resi- || pum | «| ga. |B | Resi- 

x - | duals. | =a _ duals* 

crate | 

42 | 21 | 320 | 805 30 | 9 | 40, 216 | 20.7 19 
a? ere | a 10” | 33 | 43 | 164 | 3.5 2 
28 |22| ... | 3x10” - 37. | 46| 188 | 8.3 ss 
36 | 23 321 200 ce 27 147) #+4«118 | 3.9 6 
4! 28 325 9.7 3 | 31 | 50 | 138 3.8 4 
33 | 29 | 314 10.8 9 ! 7 | 51] 143 12 II 
35 | 31 | 284 58 | 17 4 |5") 170 8.8 7 
23 | 33 | 295 85 | 6 || 30 | 54 185 5 II 
32 | 36 232 86 | 2 || go | 89 108 2.8 2 
18 | 38 182 10 | 13 29 | 109 74 3.7 5 
26 38 202 9.4 | 18 \ 10 | 182 47 2.6 7 
43 | 40 212 93 | 8 | | 























EXPERIMENTAL RESULTs. 


In Table I. are given the results of the present investigation. In col- 
umn one is given the film number; in column two, its thickness in milli- 
microns, the mean of the thickness obtained upon the basis of the weight 
of the silver and its weight after it had been transformed into silver 
, iodide. The third column gives E, the Hall e.m.f. divided by the prod- 
uct of the magnetic field H, in e.m.u. and the primary current J in 
c.g.s.u. In most instances four different strengths of the magnetic field 
were used, in which case there were four values for E/HI; the one given 
in column three is the mean of the four. The mean residual for each 
film is recorded in column five. A particular residual*was obtained by 
taking the differences between the mean E/HI and the E/HI for that 
particular field and current. Column four contains the resistance in 
10° ohms per cm.’ of each film. For two films the Hall effect is not 
given, this being due to the fact that it was not possible to obtain meas- 
urements of the effect for films having such high resistances. Although 
considerable data have been obtained by various investigators upon the 
variation of specific resistance of films with their thickness, and also 
som data upon coefficients of the Hall effect, the author, is not aware 
that the two phenomena have ever been studied for the same film. It 
is important, if results upon the two phenomena be used in conjunction 
with each other, that they be obtained from the same film. This would 
be even more important for films that change with time. 

Specific Resistance.—In Fig. 4 is plotted p, the specific resistance, against 
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e, the thickness of the films. It will be seen that for films having the 
greater thickness the p is very little greater than its value in bulk silver, 
and seems to approach asymptotically to that value. The value Of p 
gradually increases toward decreasing thickness until about 50 wp is 
reached, when it increases much more rapidly. It will be seen that the 
value of p seems to approach © in the neigh- borhood of 20 wy. 

Hall Effect—aAs is well known, the Hall e.m.f., EZ, is given by the rela- 
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tion E = (HI/e)a wherein a@ is the Hall coefficient. In numerous tests 
with silver films herein described, E was found +o be proportional to H 
and J. The values of E/HI for various values of ¢, given in Table I., are 
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plotted in Fig. 5 in which is drawn a hyperbola with a = 0.00084, the 
accepted value of the Hall coefficient in silver. It will be seen that the 
curve fairly represents their mean. Thus the value of a, the Hall co- 
efficient, in the films is the same as in bulk silver and is constant for all 
thicknesses investigated greater than 23 wu. 


THEORETICAL CONSIDERATIONS. 


Assuming that there is a diffusion of negative electrons through the 
spaces between the atoms, that the electrical properties of the metal 
arise entirely in the average motion impressed by external circumstances 
on the swarm of electrons which are otherwise moving about quite freely 
in the spaces between the atoms, and that the distribution of velocities 
among them at any instant is precisely that specified by Maxwell’s law, 
the electron theory of the Hall effect leads to the following well-known 
result for the electric field in the z-direction at right angles to the direction 
of current density in the y-direction J,, and to the magnetic field of 
intensity H in the x-direction: 

37 
8 Nec 


Zz 





E, is the electric field of uniform intensity produced in the z-direction, 
the current density, J,, being supposed zero; N is the number of free 
electrons per unit volume, e the charge on the electron, and c the ratio 
of units. This result is in accord with experiments in a large number 
of cases. Without further assumptions it is not possible to apply the 
result of the theoretical investigation to a thin film wherein the material 
is supposed to consist of granules not in the intimate contact obtaining 
in bulk form. 

Let us assume that J,’ is constant through the xz cross-section of any 
granule and that the packing of granules is sufficiently close to warrant 
the approximate statement that the current through the film cross-section 
is carried by the granules and not by gaps. Consider the xz cross-section. 
We are concerned with a gross result rather than what occurs in the 
individual granule, and consequently we are induced to idealize the loca- 
tion of these granules in order to simplify our own thinking. Let us as- 
sume that we have a layer of similar granules of thickness Ax. All of 
them may not be carrying current and in those that do, the current 
densities are not the same. The total difference of potential across this 
film will be 2E,’-Az where Az is the approximate width of the granules, 
and Ax.Az is the area of the granule in cross-section. But, 
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or 
3Tr 
7? - 
where J is the current per unit thickness. 

In the expression for E,, the value of current density J, was intro- 
duced by assuming that in the granule J, = cE,, where o is the conduc- 
tivity determined by the same assumptions as to electrons, and E£, is the 
electric field. In applying this theory to the granule, we have thus 
assumed consistently that the theory applies to the granules the same 
as to the bulk metal. Our conclusion is that the coefficient should be 
constant irrespective of the specific resistance or thickness of the film, 
and that it should be the same as in bulk metal. Both of these points 
are verified by experiment as already shown. The assumptions seem 
therefore to be in agreement with the experimental facts, and the author 
will assume the correctness of this simple theory of thin films, namely 
that they are composed of granules having the property of bulk metal 
and of conducting gaps which give resistance only. 

J. J. Thomson! explained the variation of specific resistance of films 
with thickness by assuming that the mean free path of the conducting 
electron was less in the film than in the bulk metal. The curve drawn 
based upon such an assumption, however, is not so steep as the experi- 
mental curve. Patterson suggests that this may be due to a gradation 
in the density of electrons from the inner part of the film toward the 
outer boundaries. Swann? assumed that the mean free path of the con- 
ducting electron varied with temperature the same in the film as it does 
in bulk metal. By measuring the specific resistance of platinum films 
over a wide range of temperature he obtained results which show that 
Thomson’s explanation is not in agreement with experimental facts. 
The present investigation furnishes direct information regarding Patter- 
son’s suggestion pertaining to the change in the number of conducting 
electrons per unit volume. From Patterson’s assumptions alone, the 
thinner films should show the greater value for the coefficient and its 
value should approach that in bulk metal as the thickness is increased. 
Instead of this, however, the Hall coefficient is always constant, having 
the same value as in bulk metal. 

Moreau? explained his results for the Hall effect in films by means of 
Vincent's transition layer theory. The results of the present investiga- 
tion, however, are not in accord with Moreau’s results nor with Vincent’s 
theory. Now Vincent was able to explain the rapid increase in specific 

1 Phil. Mag. (4), p. 675, 1902. 


2 Loc. cit. 
3 Phil. Mag. (4), p. 675, 1902. 
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resistance upon the assumption that the specific resistance of the film of 
metal between the transition layers was that of ordinary metal, while 
the resistance of the layers was constant and quite great. Obviously, 
the Hall coefficient, which depends upon the number of conducting elec- 
trons per cm.* would therefore change at the thicknesses where the in- 
crease in specific resistance is so marked. No such change was detected 
experimentally. 

Swann,' found the three following interesting facts: (a) Thick films 
underwent an increase in resistance with increase in temperature, (d) 
thin films underwent a decrease in resistance with increase in tempera- 
ture, and (c) films having a thickness between these had an apparent 
zero temperature coefficient of resistance over most of its range. Now, 
the change in a film’s resistance, when its temperature is increased slightly, 
will depend at least upon the three following factors: (1) Expansion of 
the glass, upon which the film is deposited. (2) Expansion of metal 
composing the groups bringing them into more intimate contact. (3) 
The regular temperature coefficient of the metal. For very thin films 
the effect of (2) will be to decrease the resistance, as the temperature is 
increased ; for thicker films this effect may be very small as may be seen 
from the following considerations. In the case of very thin films it was 
seen that a very small addition of groups produced a great decrease in 
the resistance, but that the addition of the same number of groups to a 
thick film decreased the resistance very much less. Similarly an expan- 
sion of groups might be expected to produce a great change of resistance 
in the case of thin films, and a small change in the case of the thicker 
ones. The above considerations make possible an explanation of the 
so-called temperature coefficients, and permits the simple assumption 
that the addition of groups have the effect of decreasing the number of 
conducting paths through the film, by combining many that are already 
present and making them straighter and wider. 

The general conclusion is that the experiments herein recorded and all 
others in thin films are in harmony with the simple theory here proposed, 
namely that we are dealing with granules which have the same electrical 
properties as bulk metal and with conducting gaps. 

The author wishes to express his appreciation to the Physics Depart- 
ment of the State University of Iowa for valuable assistance received, 
and especially to Professor G. W. Stewart under whose direction this 
work was carried on, and whose encouragement and criticisms made the 
work possible. 


PuHyYsIcCAL LABORATORY, STATE UNIVERSITY OF IOWA. 


1 Phil. Mag. (4), p. 675, 1902. 
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THERMAL ANALYSIS AT LOW TEMPERATURES. 


By FRANK E. E. GERMANN. 


SYNOPSIS. 


Cooling and Heating Curves for Water Solutions of Uranyl Nitrate between 0° and 
-70° C.—A thermo-junction was placed in 0.5 cc. of a solution of known concentra- 
tion and galvanometer readings were taken every 10 seconds during the cooling. 
At about -35° a rapid evolution of heat took place accompanied by expansion suffi- 
cient to break the glass tube if the solution filled more than the rounded bottom. 
On heating the solution a corresponding absorption of heat was observed at —20°. 
From the observed temperature changes and the specific heat the amount of heat 
evolved or absorbed was computed. The results of 67 experiments in which the 
concentration was varied from 10 to 55 per cent. were plotted and show a sharp maxi- 
mum at 48.0 per cent. for the evolved heat and at 47.5 per cent. for the absorbed 
heat. 

New Compound Discovered by Thermal Analysis, Uranyl Nitrate Icositetrahydrate.— 
The above results point to the formation at —35° of the compound UO2(NOs)2.24H:20, 
which has a less density than the hexahydrate and which decomposes spontaneously 
at -20°. This compound is of special interest in connection with the study of the 
relation between composition and the fluorescence and absorption of the spectra 
uranyl hydrates. 


HE study of chemistry and chemical reactions is usually restricted 

to those compounds which are stable or in a state of false equilib- 

rium at room temperatures. As a result, many compounds which 

might be stable at very high or very low temperatures are never dis- 

covered. The present article serves to illustrate how such compounds 

may be studied by means of cooling and heating curves. The cooling 

curve might be regarded as a method of determining the composition by 

synthesis, whereas the heating curve might be regarded as a method of 
analysis. 

When a water solution of uranyl nitrate is cooled to the temperature 
of liquid air, it is possible to get various distinct fluorescence spectra 
from it, depending in general on the rate of cooling. H. L. Howes? 
has described what seemed to him to be five distinct spectra, varying 
from a sharp-line spectrum in the case of slow cooling to a broad-banded 
spectrum in the event that the solution was plunged directly into liquid 
air. The other spectra were the results of other chance intermediate 
methods. As far as we know today, the emission and absorption spectra 

1 Paper presented to American Physical Society (see abstract in Puys. REv., 11, p. 


245, 1918). 
2 Puys. REv. (2), Vol. VI., p. 192, 1915. 
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of elements and compounds are very characteristic at any given tempera- 
ture, so that it would seem quite impossible to obtain more than one 
fluorescence spectrum for a given compound. The only logical explana- 
tion that the author could advance for the anomaly observed by Mr. 
Howes was that the uranyl nitrate formed one or more definite hydrates 
at low temperatures, the transformation taking place entirely in the 
solid phase. Professor Edward L. Nichols drew the author’s attention 
to the work of Mr. Howes, and the research here discussed was carried 
out in order to prove or disprove the above conclusion. 

Temperatures were measured by means of a copper-advance thermo- 
junction in series with a resistance of about nine thousand ohms and a 
sensitive d’Arsonval galvanometer. The filament of a Nernst lamp was 
focused on a wall opposite the galvanometer at a distance of about five 
meters. The maximum deflection read was of the order of one meter, 
so that a linear relation between deflection, voltage, and temperature 
could be assumed. Accordingly deflections are used constantly in what 
follows, without any transformation to temperatures except in the final 
results of range of stability. One junction was kept packed in ice, while 
the other was placed directly in the specimen under examination while 
still in a liquid state. 

Preliminary tests showed that if water solutions of uranyl nitrate 
were cooled in a carbon-dioxide-ether mixture, the tube was usually 
broken. The heavier the walls and the smaller the bore of the tube, the 
more completely was the container shattered. Using a thick walled 
capillary tube was found to prevent the breaking. However, when a 
thermojunction was placed in the solution in a tube that would break, a 
sudden rise in temperature was indicated by the galvanometer at the 
same instant that the tube gave way. In the case of a strong capillary 
tube no such rise was noted. Inasmuch as it would be valuable to heat 
and cool the same specimen frequently, as well as to use the same tube 
for specimens of different concentrations, it was necessary to permit the 
expansion as well as to prevent the breaking of the tube. To accomplish 
this, a test tube of such a diameter was used that one half cubic centi- 
meter of solution would all be contained in the lower hemispherical 
volume. Thus the expansion could all take place upwards, and the same 
tube could be used for all experiments. Since the fused end of the ther- 
mojunction was no larger than a pin head, the small volume offered no 
difficulty. 

A constant temperature gradient was obtained by placing the tube 
containing the specimen in two larger concentric test tubes which were 
all separated by cork rings and cotton. This gave two air chambers be- 
tween the inner tube and the carbon-dioxide-ether mixture. 
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The best obtainable C.P. uranyl nitrate was recrystallized as the 
hexahydrate, and water solutions varying from ten to sixty per cent. by 
weight anhydrous salt were prepared and preserved in glass-stoppered 
bottles. An accurately calibrated half cubic centimeter pipette was 
used to measure out the samples to be tested. Since we are measuring 
the amount of chemical reaction by means of the quantity of heat liber- 
ated, we should always deal with the same total number of mols or mole- 
cules of water and uranyl nitrate. It is more simple, however, to deal 
with the same volume of the various solutions. We are justified in doing 
this since the result is the same in either case. In this particular case 
the curve may be different but the maximum will be the same. The 
heat liberated in any case would be the continuous product of the specific 
heat c, the mass m and the change in temperature ¢. The quantity of 
heat with which we would be concerned would be this product divided 
by the total number of mols of water and salt M, or heat per mol solution = 
cmt/M. 

Plotting values of ¢ as ordinates and ‘values of percentage as abscisse, 
we obtain a curve showing a sharp maximum. The values of c and M 
decrease while m increases with increasing concentration. The value of 
cm/M is almost constant. The product of the ordinates of a curve show- 
ing a maximum by values differing only slightly from a constant gives a 
curve whose maximum has the same value of the abscissa as the original 
curve. Accordingly we are justified in this particular case in plotting 
values of ¢ against per cent. of UO2(NO3)e. 


ee 
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Fig. 1. 


Referring to Fig. 1 we can get an idea of the appearance of the various 
cooling curves. At A the solidification of uranyl nitrate as hexahydrate 
and ice is complete, and we have the heterogeneous solid cooling uni- 
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formly to B. At this point a rapid evolution of heat takes place simul- 
taneously with the expansion previously mentioned, bringing the tem- 
perature back up to C. Here the cooling again begins, and we finally 
arrive along a smooth cooling curve at D. Galvanometer deflections were 
read every ten seconds. By extrapolating the curves AB and CD, and 
drawing the line EF vertically through C, we obtain a length EF which 
is proportional to the heat liberated and consequently proportional to 
the chemical reaction. Similar curves were run for 20, 30, 45, 46.47, 
47-75, 48, 49, 50, 52, and 55 percent. The number of determinations for 
each percentage varied fromtwototen. Itis obvious that zero per cent., 
representing pure water, would give a zero value of ¢, and would be a 
point on the curve. Similarly there could be no rise in temperature if 
we use a concentration such as we have in the pure hexahydrate, which 
is the normal hydrate at ordinary temperatures. The compound UQ, 
(NO3)2.6H,O contains 78.48 per cent., by weight of uranyl nitrate and 
accordingly this value with ¢ = o would also be a point on the curve. 
Fig. 2 is the weighted least square curve of all the observations. The 
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Fig. 2. 


curve represents the results of forty-nine experiments. No values were 
discarded. The two lines, which are sensibly straight, intersect at 48.00. 
Multiplying all the ordinates of these lines by the respective values 
of cm/M, which remain practically constant, would give a curva- 
ture to the lines, but, as shown before, the abscissa of the maximum would 
remain the same. 

If we now take a specimen which had been transformed, and allow it 
to warm up slowly with a definite temperature gradient, and take read- 
ings of the galvanometer as before, we obtain a curve of the type of Fig. 
3. In thiscase the amount of chemical transformation would be evidenced 
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Fig. 3. 


by a length of time FE of constant temperature. Here again galvanom- 
eter readings were taken every ten seconds. The points o and 
78.48 may again be used with ¢ = o, together with the six other points 
determined experimentally. Each of these points is the average of three 
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Fig. 4. 


determinations. Hence Fig. 4 represents a total of eighteen experi- 
ments. As will be seen from the curve, the points fall almost exactly 
on the two straight lines, which intersect at 47.50. The experiments 
involved in the formation of Fig. 2 were not as accurate, as the methods 
of procedure had not been well worked out. It would seem logical, 
therefore, to assign equal weights to the two curves. The probable error 
would be + 0.17, so that the composition of the hydrate formed would 
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be 47.75 + 0.17 per cent. A hydrate containing twenty-four molecules 
of water would consist of 47.69 per cent. uranyl nitrate, which falls 
within the limits mentioned. Twenty-three and twenty-five molecules 
of water would be equivalent to 48.70 per cent. and 46.70 per cent. uranyl 
nitrate respectively. We are therefore led to the conclusion that a hy- 
drate exists whose composition given by 47.75 + 0.17 per cent. uranyl 
nitrate, and whose formula is UO.(NOs3)2.24H2O. The name of the com- 
pound would be uranyl nitrate icositetrahydrate. 

Since the incositetrahydrate forms spontaneously while in the presence 
of the hexahydrate, it is probable that it also crystallizes in the rhombic 
system, which is the system of the hexahydrate. Due to the low tem- 
peratures involved, it was impossible to determine this with ease, so 
that phase of the work was not followed up. It is also probable that 
another hydrate of some other crystalline system exists between the 
hexahydrate and the icositetrahydrate, but which was not observed be- 
cause of the absence of seed crystals of the correct form. 

The icositetrahydrate forms spontaneously at about — 35° C. and de- 
composes at about —20° C. It could consequently never be studied 
at ordinary temperatures and pressures. The cooling curves were ac- 
tually studied down to about —70° C. The explanation of. the 
anomolies observed by Mr. Howes are now obvious. Slow cooling of a 
47 to 48 per cent. solution of uranyl nitrate would give almost a pure- 
line spectrum of the icositetrahydrate. Rapid cooling of the same might 
give a spectrum of the hexahydrate in the case of a complete suppres- 
sion of the transformation, and a mixed spectrum in the case of a partial 
transformation. It is obvious that many possibilities are offered by 
different concentrations, and it is not strange that at least five fairly 
distinct types were picked out as actually existing. 

The discovery of this new compound is of more than passing interest, 
since it adds another member to a series of hydrates studied by Nichols 
and Merritt in a paper entitled ‘‘The Influence of Water of Crystalliza- 
tion upon the Fluorescence and Absorption Spectra of Uranyl Nitrate.’’! 

The above research work was done in the laboratories of the Depart- 
ment of Physics of Cornell University while the author was a Carnegie 
Research Associate. The author wishes to express his gratitude to Pro- 
fessor Nichols for suggesting the problem and to Professor Hutchinson 
of the Department of Engineering Mathematics of the University of 
Colorado for valuable suggestions in connection with the curves. 


DEPARTMENT OF PHYSICAL CHEMISTRY, 
UNIVERSITY OF COLORADO, 
BOULDER, COLORADO, 
December 6, 1921. 


1 PHYSICAL REVIEW (2), Vol. IX., pp. 113-126, 1917. 
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THE UNILATERAL DYNAMIC CHARACTERISTICS OF 
THREE-ELECTRODE VACUUM TUBES.! 


By JoHN G. FRAYNE. 


SYNOPSIS. 


Unilateral dynamic characteristics of vacuum tube when plate circuit includes 
resistance, inductance or capacity.—(1) Theoretical equations. For the case of pure 
resistance (R), the Van der Bijl parabolic relation between plate current and effec- 
tive grid voltage is expressed as a power series in e sin pt, the impressed simple har- 
monic grid voltage. The coefficients of the various harmonics involve R, the nth 
harmonic reaching a maximum value when R equals (n—2) /3 times Ro the tube re- 
sistance. For the fundamental the maximum energy output for a given plate bat- 
tery is secured when R = 0.81 Ro. The dynamic characteristic was obtained by 
compounding the harmonics into a single curve; it approaches a straight line as the 
resistance is increased. For the case of pure inductance, the plate current is ex- 
pressed as a Fourier series. The dynamic characteristic is a closed loop whose area is 
proportional to the energy in the inductance. This loop reduces to an ellipse for 
small values of e, in which case the tube functions as an alternator whose internal 
impedance is a function of the external load. The insertion of a condenser instead of 
an equivalent inductance gives identical results except that the phase angle of the 
various harmonics is shifted. (2) Experimental verification. The effects on the 
plate current of varying the alternating grid voltage e, the static grid voltage E, 
and the plate voltage Ep, for a given value of resistance R or inductance /, and the 
effect of varying R or / with constant E», E, and e (15 or 20 volts), were determined 
and are shown in curves together with the corresponding theoretical values. A.W. E. 
205B tube was used. The results show that the equations predict the harmonic 
constituents of the plate current as high as the fourth, for values of e up to 15 or 20 
volts (depending on E,), the range for which the fundamental equation holds. For 
this range the coefficients of the various harmonics in the equation are proportional 
simply to e*. The fundamental becomes greater while the other harmonics di- 
minish as we approach the straight portion of the static characteristic and as we in- 
crease the plate potential. 

Circuit for producing pure sine wave electromotive force with frequency of 200,000 
cycles.—The oscillating circuit and filters used are shown diagrammatically in Fig. 1. 

Pure resistance for high frequencies.—A platinized quartz fiber (diameter 0.01 mm.) 
with a resistance of 100 ohms per inch will carry 0.06 ampere when immersed in acid- 
free paraffin oil and has a negligible skin effect. 


T is a well-known fact that the current flowing from a hot filament to 
the plate of a three-electrode vacuum tube does not vary as the first 
power of the plate potential. With a view to determining what this 
relation really was, theoretical and experimental investigations were 
undertaken by Langmuir,? Bethenod,? Vallauri,t Van der Bijl,° Latour® 


1 Presented at the Chicago meeting of the American Physical Society, December, 1920. 
?P. I. R. E., 3, 261-93, Sept., 1915, and Puys. REV., 2, p. 457, 1913. 

3La. Lum. EL., 35, 25-31, Oct. 14, 1916. 

4 L’Elettrotecnica, Vol. 4, Nos. 3, 4, 18 and 19, 1917. 

5’ Puys. REV., II, p. 172-198, 1918. 

¢LaLum. EL., Dec. 30, 1916. 
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and others. The second degree equation obtained by Van der Bijl lends 
itself more easily to mathematical treatment than any of the others, 
and agrees very closely with experimental evidence over a certain range 
of plate and grid potentials. 

The curves obtained by plotting the plate current against the grid 
voltage for given plate potentials are usually referred to as the static 
characteristics of the tube. The term ‘dynamic characteristic” is used 
when the grid potential is of an oscillating nature. The latter charac- 
teristic is usually referred to as being ‘‘unilateral” when there is no 
external coupling between the grid and plate circuits, as distinguished 
from ‘‘regenerative’’ when such coupling exists. Van der Bijl has shown 
that the insertion of a resistance between the plate and the plate battery 
changes the form of the dynamic characteristic from a parabola to a 
curve which approaches a straight line with increasing resistance. A 
solution similar to that of Van der Bijl is obtained here, and in addition 
the case where the resistance is replaced by an inductance is worked out. 
We shall consider three cases here. First, with no resistance in the plate 
circuit, secondly, with a resistance inserted, and finally with the latter 
replaced by an inductance. 


CasE OF No EXTERNAL RESISTANCE. 


Let E, = plate potential, 
I, = plate current, 
E. = grid potential, 


e sin pt = superimposed e.m.f. on grid. 
According to the current-squared law 


I, = A(E, + wE. + we sin pt + €)*, (1) 


where yu is the amplification constant, defined by 


~~ (ax) 
Be dE, } Jy 


and A and e are constants depending on the structure of the tube. In this 
case the grid potential has the value E, + esin pt. The equivalent plate 
potential is therefore » (EZ. + e sin pt). 

Before proceeding further it might be well to remark here that in order 
that (1) may actually represent the true conditions the value of e must 
lie within certain limits, namely ! 


= |E\|+lel, e=|— 
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where g is the maximum positive voltage the grid can have before it 
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begins to attract many electrons. Also if e sin pt attains such a large 
negative value in the cycle that the expression above is negative, the re- 
sulting current wave will be flattened out at that part of the character- 
istic curve. Equation (1) might be written generally as: 


I, = f (ue sin pt). 
Expanding by Maclaurin’s Theorem 


we? sin? pt 
2! 


I, = f (0) + ue sin pt f’ (0) + f” (0) 


and since J; is the same function of E, as it is of sin pt 


0) = ($4) =2A(Eb+uE.+6 =—, 
t=o 





d Ey Ro 
- d? I, 
i die (Fai. = 
Therefore 
by 2 2 2 2 
Ip = A (Ex +n Ee + 0 + MSO AME os 2 pp + SEE. (20) 


Thus in the simple case illustrated above where the plate potential is 
kept constant throughout the operation, a pure sine wave on the grid gives 
rise to a current of the same frequency (called the fundamental) in the 
plate circuit, a first harmonic and a rectified current component. In 
this case the actual dynamic and static characteristic curves will coincide. 


CASE OF A PURE RESISTANCE. 


Next we shall consider the case where the potentials on the grid and 
plate vary simultaneously. Let a resistance R be connected between 
the plate and the plate battery. Then 


,=A{E-—-RI+u(E. + sin pt) + e}?. (3) 





This can be expanded as an infinite series. 
Is = (0) + F' (0) we sin pt +E 
(ue sin pt)? ++. - £0) (ue sin pt)” (4) 


Van der Bijl has shown that since the parabolic relation connecting 
plate current and grid and plate potentials is only an empirical approxi- 
mation, it is not to be expected that the higher derivatives in the series will 
accurately represent the actual experimental values. However, the 
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derivatives up to probably the third or fourth ought to be a close approxi- 
mation and the higher derivatives ought to indicate, at least in a quali- 
tative way, how the higher harmonics depend on the various tube con- 
stants and on the properties of the external circuits. 

Referring back to equation (4), the coefficients of the series are as 
follows: 
I 


f(o) = - TAR 


0 


{2 (B+1) — BY pa ot. 
R 
where 


Ro being defined as —_— ; 


2A(E+uE. +6)’ 
f' (0) = Ri 1 — Bo. ,f’ (0) = A B-, f'" (0) = -2 A*R B", 


The general functional term is given by 


: (— 1 )"2"-In(n — 2)(n — 4) — «++ — R™2A™ 
—* ~ gIBeepe =~ 


me, ) 5 nadie R.-2 An-1 


T (nt+1)/2 Ben /2 





The coefficient of sin (pt) is therefore the value of this expression mul- 
tiplied by (ue)". If this coefficient is denoted by ap, then 








lQin +1 _2(n+2)RA pe 
On nm+1)B ’ 
Limit (*22| = 2A me 
| On B 





In order that the series (4) may be absolutely convergent 





2RAw -, 
B 
Therefore 
B , I R+2R 
< —— ig Me ‘ 
~~ oe | et 


Thus for a given A, w and R, the smaller the value of Ro, the greater e 
may be. 

Using the values of A, u, R and Rp given later, e may have values 
reaching up to 150 volts. However, it will be seen later that in practice 
e cannot have a value larger than about 15 volts if equation (3) is to 
represent conditions accurately. The physical limitations which the 
tube imposes on the characteristic equation make it impossible to use 
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grid voltages more than one tenth of the limiting value as given by (5), 
It is very evident that for small values of e, the series (4) converges 
rapidly and in consequence only a few terms need be evaluated in order 
to find a close approximation to the actual current flowing under a cer- 
tain condition of the amplifier. 

Now ff’ (O) stands for the reciprocal of the total output resistance R’o 
when there is an external resistance in the plate circuit. 


Therefore 
I I 
an: i — B-12 
R’o R| 


The total resistance of the complete plate circuit is thus a rather compli- 
cated function of the external resistance and the internal output resist- 
ance of the tube when there was no resistance in the plate circuit. 

Since the series (4) is a power series in sin (pt) it is necessary to con- 
vert the various powers of sin (pt) into first-power expressions of func- 
tions of multiples of pt, and expressions corresponding to the rectified 
currents. Since the series converges rapidly for values of input voltage 
within the limits (2), all powers of sin (pt) beyond the fourth will be 
omitted. 


ra | I — Ri 
te aR \s2+% 7 
F | Mo — BH -34°R eB | sin (pt) 


- | “A we? B32 + > A*Rete! Bo | cos (2 pt + 7) 
+2 aR we Bo | sin 5 p 
+8] arr ute 37” | cos 4 pt + wer TES CCT CTT TTC Ler eT 


Actual computation of the coefficients in this series show that for values 
of e within the limits specified above, the series converges very rapidly. 

For values of e below 10 volts, actual computations show that the co- 
efficient of sin (pt) is practically a linear function of e; beyond ten volts 
the term involving e becomes appreciable and the relation becomes more 
complex. Similarly the coefficient of cos (2 pt + ) varies as the square 
of e up to about 10 volts. Since we have taken no powers higher than 
sin pt the coefficients of the third and fourth harmonics vary directly as 
the cube and fourth powers respectively of e. 

The relation between the coefficients and R, when the latter is variable, 
can best be shown by examining the condition for maxima. If we take 
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the mth derivative as representing the coefficient of the . general term, 
then the latter will be a maximum when 


iz (©) =o, 


R= — Ro or (1 +2R/Ro) =0. 


The latter equation has a solution, R = ©. This is, obviously, the con- 
dition for a minimum. {The first relation shows that R must be a nega- 
tive quantity for m = 1. Hence the fundamental has no real maximum, 
For = 2, the maximum occursat R = 0. Form = 3, the maximum occurs 
when the external resistance is one third of the tube resistance. For 
the higher derivatives, the position of the maxima occur at continuously 
increasing values of R. 

If the amplitude of the impressed e.m.f. is less than 15 volts, equation 
(3) holds good for all values of R, when the plate voltage is maintained 
at 200 volts, and the grid voltage is —7.5. For values of e over 15 volts, 
using the same grid and the plate potentials, equation (3) no longer holds. 
Hence the amplitudes of the harmonics as experimentally found for 
values of e over 15 volts depend on other features of the amplifier. Since 
E, is — 7.5 the grid will be raised to a positive potential of 7.5 volts 
during this cycle. In Fig. 5 it will be noticed that at this value of E, 
on the 200-volt parameter, the static characteristic begins to lose its 
parabolic nature and tends to flatten out. From the nature of the static 
characteristic it may be seen that the higher the plate voltage is raised 
the greater the values e may have and remain within the proper limits. 
This amounts to saying that the smaller Ry is, the greater the input volt- 
age on the grid may be. 

The dynamic characteristics for this case may be obtained as follows: 
The instantaneous values of the various harmonics for values of pt be- 
tween 0 and 27 are plotted, and then these constituent sine waves com- 
pounded to give the actual wave shape. If now the resulting periodic 
current is plotted along the J, axis and the input voltage plotted on the 
E, axis, the resulting curve will be the so-called dynamic characteristic 
of the tube under the specific conditions. It will be seen that if all terms 
but the fundamental had been neglected, the characteristic would have 
been a straight line. Addition, however, of the first harmonic causes 
the characteristic to have a definite curvature. The smaller the value 
of the external resistance, the more nearly does the curve approach the 
parabolic relation holding in the static case, and, of course, in the limiting 
case when R is zero, the two characteristics coincide. 
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CONDITION FOR MAXIMUM OUTPUT. 


In connection with the expression for the internal resistance, it may 
be pointed out that the usual statement that the maximum power is 
obtained from a tube when the external resistance in the plate circuit is 
equal to the internal output resistance of the tube needs clarification. 
If by maximum power is meant the greatest power obtained from the 
fundamental frequency, the following is valid. 





2 2 
Power = RI? = “ |: —5""| : (6) 
Therefore 
dP pe? 1/2 lj - 2 
came GE am “eee - = — B-12) ~~ Base 
wa S[r- 2] [Ra- sey - Ra]. 
dP : 
ye O for maximum P. 
Therefore 
B2 = 2B —1 « 22212 Won. (8) 


Ro 4 


The condition for a maximum dissipation of fundamental current 
energy is that the ratio of R to the internal resistance when R was zero 
is .81. This condition holds in the case where the maximum power is 
desired with a certain fixed-plate battery, and a variable resistance is 
available. The usual condition for maximum power, that the internal 
and external resistances be equal, is only true in this case if the actual 
plate potential is kept constant while the plate resistance is varied. The 
condition under which the above relation was obtained is the one most 
commonly met with in practice. 


CASE OF AN INDUCTANCE. 


When an inductance, /, is placed between the plate and plate battery, 
the equation for the plate current may be written as follows: 


2 
T= A |B -17 +n (Et ecosp) +e] or (9) 
B-—2 BLU — 2LF cos pt aI +2BFcos pi+ Ll’ (3) + F* cos? pt 
dt dt dt 
where 
B=A'*(E,+wE.+ 6). L =A, F = Aue. (10) 


A rigorous solution of this differential equation for J is very difficult. 
but an approximate method of solving it may be legitimately utilized. 
Experimental evidence shows that J is a rapidly converging Fourier 








636 JOHN G. FRAYNE en 


series, and that the frequency of the fundamental is the same as the fre- 
quency of the input e.m.f. on the grid. 
We can therefore write: 


I = a)/2 + = a, sin npt + - B, cos npt (11) 


a=1 n=l 
In terms of the exponential values for the sine and cosine, 
2a, sin npt + 28, cos npt = (Bn — tan) e ™?* + (Ba + tan) e — ?*, 
Write 


2dn = Bn — 10n,; and 2bn = Ba + tan. (12) 
Then 
o ' x , , 
I= Qo/2 + an @ inpt + 2, b, é€ tnpt (13) 
n=l a=! 


If we substitute this value of J in equation (10), we can arrange the 
resulting terms in ascending orders of e*?* and in descending orders of 
e’?', The expression will not be given here as it is very lengthy and 
cumbersome. Since we have terms involving e*?* and e** and corres- 
ponding higher powers of e on both sides of the equation, the coefficients 
of the like powers on either side may be equated. Hence we obtain a 
series of 2m equations from which the a’s and 08’s can theoretically be 
determined. The general solution of these equations, while ideally pos- 
sible, is impracticable without further assumptions as to the nature of 
the coefficients. We saw in the case of the resistance of the plate cir- 
cuit, that only the first few terms of the series were of importance for 
values of e within the limits of equation (2), and that for values of e up 
to 10 or 15 volts, the amplitude of the fundamental varied approximately 
as the first power of e. If all the coefficients other than do, a;, and }y, 
are negligible, we have: 

BA" ue BA" ye 


"T+ 2BLip’ "1 — 2BLip' = 


showing that, for this case, a; and }; are linear functions of e. Substi- 
tuting the above values of a, and }; in the expressions for a2 and be, we 





have: 
— Ape ; 
. 4(1 +2 BLip)? (1+ 4Blip)’ 
, (15) 
be Ape? 





~ 4 (1 — 2 BLip)? (1 — 4 BLip)’ 


The values of a2 and 52 were found on the assumption that all the higher 
coefficients were negligible. Similarly a3 and 63; may be found and so on. 
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From relation (22) the values of a1, 81, a2, B2, etc., may be found, and 
pwecos (pt — a) se _, 
(Ro + Pp) , where a = tan R, (16) 
I 
2A (E, + pE. + 6)’ 
Awe* cos (2 pit — 8B) (17) 
2 (Ro? + Pp) (Re + 4 Pp?)'?” 





a, sin pt + Bi, cos pt = 


and Rp = 








a2 sin 2 pt + B2cos2 pt = 


where 
_ ,, -2/p[ 2 Re — Pp 
pm tan Raa |: 

Similarly as sin 3 pt + B3 cos 3 pt may be found and so on for the 
higher terms. , 

Since I = ayo/2 + Zansin (mpt) + TBn cos npt, the addition of the 
various quantities found above will give the resulting current J. 

It is obvious that as soon as the values of a2 and bz become appreciable 
compared with a; and ),, the values of the latter obtained above can no 
longer be correct, since they were determined on the basis that all the 
other coefficients were negligible. 

If the values obtained for a2 and 52 are substituted in the equations 
for a; and },, the following is the value of 


ue cos (pt (pt — a) 
(Re + Pp) 
2 Ro A*y®e* lp cos (pt — «) (18) 





a, sin pt + B, cos pt = 





(Re + FP p*)? (Re +4 Pp?) V2’ 
w here 
_, lp _, Ro Pp? — 2 Ry 
= 1 ee = 1 a ED . 
a = tan R,* tan zip and (75 SP ) 


In order to obtain a numerical value for a; sin (pt) + 8; cos pt, it is best 
to evaluate each term separately and then compound the results by the 
parallelogram law. Similarly if the values of a3; and 63; become com- 
parable with a2 and be, we find for the corrected value of 
A 3 y. 2 2 ase 
a2 sin 2 pt + B2cos 2 pt = TE ee Sean 
+ 12 R,' A’ pte lope cos (2 pt _ ) 
(Re + Pp? (Re + 4 PP) (Ret + PP) 


where £ is the same as defined in (27) and 


1 = ear BP ( 2A = ST PPRE = 80H) 
Ro \ Rot — 32 Pp? Re + 40 lp ] 
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By: making successive approximations as many terms as desired may 
be included in the expressions for any particular harmonic. It will be 
noticed that the resulting angle of lag of each harmonic depends on the 
number of terms we include in the coefficient, and thus there arises a 
peculiarity in a vacuum-tube generator, namely that the angles of lag of 
the various output harmonics are dependent on the amplitude of the 
input wave on the grid. The larger the amplitude for the coefficients of 
the various harmonics, and the consequent shifting of the angles of lag 
results. 

AREA OF THE CHARACTERISTIC LOOP. 

Since the fundamental plate current lags behind the grid voltage by 
an anglea = tan (/p/R), it is evident that if this current be plotted against 
the alternating grid voltage an elliptical characteristic will be produced. 
If, however, the first and higher harmonics are plotted in addition to the 
fundamental, and the curves thus formed compounded into a single 
curve, it is evident that the characteristic will no longer be a true ellipse. 
Since the amplitudes of the harmonics are small compared to that of the 
fundamental, the resulting curve will not seriously depart from an ellipse. 
This curve is what is usually referred to as the dynamic characteristic. 
The ao/2 term of the series gives the point of operation on the static 
characteristic, and it is obvious from the expression for the latter, that 
the larger the harmonics become, the greater is the shift of this point 
of operation. In practice this shift is noticed by the increased reading 
of a direct-current milliameter. 

If all but the fundamental current is omitted, the area of the loop may 
be easily found. 

Put x = E, + ecos (pt) 


do +7 (Re - + - Bp (pt — a) 


Limits for p¢ are o and 27 


Area = [viz = -{- { a0/2 + (Re? ra he (pt — a) sin pt dt 
0 0 


2reusina 2r pel l 
wt 5. ,sincea = tan“ = 


~ (Re + PP) (Re + Pp’) Ry’ 
If the curve be referred to the J,, E, axes, this expression must be mul- 
tiplied by uw. Also since the maximum value J» of the fundamental is 
pe (Ro? + Pp?)~/?, the area of the loop may be written as 





A =2rI/lp = 2x! Ry IY. 
Ro 
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Since /J;?/2 = the maximum dynamical energy in the inductance, the 
area of the loop is thus proportional to that quantity. If the inductance 
were not present A = 0, which means that the characteristic no longer 
has the form of a loop, but reverts back to the type found when a resist- 
ance was placed in the plate circuit. 


CASE OF A CAPACITY IN THE PLATE CIRCUIT. 


Since a condenser placed between the plate and the battery prevents 
the direct current from flowing, it is necessary to place a choke coil across 
the condenser. The choke coil will allow the direct current to pass, 
but if made properly will offer almost an infinite resistance to the high- 
frequency current. 

The solution for this case is directly analogous to that for the induct- 
ance problem, the only difference in the final result being that 1/cp 
always replaces /p. 

Thus the simple expression for the fundamental becomes ye/(Ro’ 
+ 1/c*p?)"? cos (pt + a) wherea; = tan™'1/Rocp. Similar expressions for 
the other harmonics may be found from comparison with the expressions 
found for the inductance. 

The dynamic characteristic for this case is similar to that found for the 
inductance, the only difference being that it is traced out in the opposite 
direction. 


DESCRIPTION OF APPARATUS AND EXPERIMENTAL PROCEDURE. 


In order to have an experimental set-up which could be used to verify 
the preceding theory, the following conditions and requirements had to 
be met. 


(a) Production of a pure sine wave e.m.f. 

(b) Use of a sufficiently low frequency that capacity effects might be of 
small magnitude. 

(c) Accurate measurement of the input e.m.f. on the grid of the har- 
monic producing tube. 

(d) Use of a pure resistance. 

(e) Use of a pure inductance. 

(f) Measurement of the amplitude of the harmonics produced, without 
introducing extraneous resistances, etc., into the harmonic producer. 


Fig. 1 is the complete circuit diagram of the entire collection of appar- 
atus used in the experimental work. It may be divided into three main 
sections, the oscillator, harmonic producer and the harmonic ana- 
lyzer. The oscillator in the upper left corner is designed so as to pro- 
duce as pure a sine wave as possible. The tuned circuit L'C' prevents 
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the fundamental frequency from passing into the battery circuit, thus 
compelling it to travel to the filament through the inductance L; of the 
oscillating circuit. The condenser C; offers less and less impedance to 
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Fig. 1. 


the higher harmonics, and the latter will pass down through C; to the 
filament terminal. As the first harmonic is always appreciable, it was 
specially filtered out of the oscillating circuit L3C3, by means of the anti- 
resonant circuit L2C2. The inductance Lz = .52 M.H., of course offered 
some impedance to the fundamental frequency, but that was negligble 
compared with the impedance that L,C, offered to the fundamental. 
These filters thus helped to produce a pure sine-wave oscillation of the 
same frequency as the fundamental in the circuit L3C;. The frequency 
used throughout was 200,000 cycles per sec., or a wave-length of 1,500 
meters. This frequency was high enough that it could be tuned very 
sharply, and yet not so high that the internal capacities of the tubes 
would be of any importance. Ballantine! has worked out expressions 
for the input impedence of tubes under various conditions, and applying 
his formule to the W. E. 205 B tube at this frequency and under the 
experimental conditions which will be described below, the input impe- 
dance was found of the order of 100,000 ohms. 

The inductance L, was loosely coupled to LZ; and connected by means 
of a twisted pair with L;, which in turn was loosely coupled to Ls. These 
latter coils were placed about seven meters away from the oscillating 
circuit, in order that they might not pick up any of the harmonics. The 


1 Puys. REV., 15, p. 409-420, 1920. 
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loosening of the couplers already described resulted in maintenance of 
the sine e.m.f. The combination of condensers C,, C;, Cs and C7 and the 
inductance Le is tuned for the fundamental frequency. The arrange- 
ment of these condensers is what is known as a potential divider and has 
been described by Hulbert and Breit. The object is to take a portion 
of the alternating e.m.f. across Ls and impress it on the grid of a tube. 
When the thermocouple is in the dotted position the current passing 
through C, is measured, but the current passing through C; and Cg, can 
easily be calculated when the values of the different capacities are known. 
The object of measuring the current in C, is that for small values of input 
potentials, the currents passing through C; and C, would be too small to 
be recorded by a low resistance thermo-couple. If J represents the am- 
plitude of the alternating current passing through C; and C, then the 
resulting input e.m.f. is 1/2 r (C; + Cg.) f, where f is the frequency of the 
wave. For an e.m.f. of over one volt, the current J could be measured 
directly by the low resistance thermo-couple. 

The resistance R2 is used to provide a leak for any charge that may 
accumulate on the grid, ahd allow it to flow to earth. Its resistance 
must be comparable to the input impedance of the tube. By means of 
potentiometer R; the potential on the grid could be varied as desired. 

The upper tube to the right is the harmonic producer. By means of 
the condenser potential divider a known value of input e.m.f. was im- 
pressed between the grid and filament and then according to equations 
(4), for a resistance EF in the plate circuit, and (9) for an inductance 
EF, a plate current will result which is capable of being represented 
as a series of harmonics. In order to get the results predicted in equa- 
tion (4), EF must be a pure resistance. A straight wire immediately 
suggests itself as a resistance which would possess a minimum inductance 
and capacity. However, in order to obtain a resistance of the order of 
3,000 ohms, so much wire would be needed, that inductive and capaci- 
tive effects would become appreciable. Then again, it is a well-known 
fact the conductivity of a wire diminishes with the frequency owing to 
the skin effect, and consequently the exact value of the resistance at any 
particular frequency is not easily determined. A resistance suitable for 
high-frequency work should have a negligible skin effect, as well as hav- 
ing negligible inductance and capacity. On the suggestion of Professor 
W. F. G. Swann, the author tried out some platinized quartz fibers im- 
mersed in acid-free paraffin oil, and found that they would carry currents 
up to at least 60 milliamperes. From the formula for change in resist- 
ance with frequency,” it can be shown that using fibers about .or mm. 


1 Puys. REV., 4, p. 278, 1920. 
2 J. A. Fleming, Wireless Telegraphy, p. 97. 
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in diameter, the skin effect can be neglected. As the fibers used had a 
resistance of about 100 ohms per cm: only a short length of circuit was 
needed, thus reducing the inductance and capacity. The inductance 
EF was wound with No. 16, D.C.C. copper wire, and the windings were 
spaced about I mm. apart. The resistance of the coil was 10 ohms, 
whereas the reactance -was 2,700 ohms. 

In order to detect the various harmonics, a fraction of the e.m.f. along 
EF was impressed on the grid of a W. E. Co. V tube, this impressed e.m.f. 
being always less than 1 volt. A 100-ohm slide wire of [AIA wire was 
used for the variable portion of EF. It can be seen from equation (8) 
that in order to obtain pure amplification without the introduction of 
harmonics whose amplitudes are appreciable compared to that of the 
fundamental, the input e.m.f. must be small (less than one volt), and 
the value of the external resistance must be high. The resistance of an 
anti-resonant circuit is R + (L*w?)/R, where Lw is the inductive reactance. 
Since R, the ohmic resistance, is negligble, at radio frequencies, in com- 
parison with (L*w*)/R, the latter term may be taken as the value of the re- 
sistance of an anti-resonant circuit. Therefore for any given w, L should 
be made as large, and R as small as possible. Now in the plate circuit 
of the tube which is used to separate out the harmonics, a series of anti- 
resonant circuits are placed. The first one is tuned for the fundamental, 
the second for the first harmonic, and so on. .A vacuum thermocouple 
is placed in each circuit on the capacity side. This is done so that the 
D.C. plate current will not affect it. In order to keep the ohmic resist- 
ance low, thermocouples with heater resistances of from 0.5 ohm to 5 
ohms were used, the higher resistance thermo-couples being used to meas- 
ure the weaker amplitudes of the higher harmonics. 

The effective resistance of these circuits are as follows: fundamental, 
120,000 ohms; first harmonic, 183,000 ohms; second harmonic, 95,000 
ohms; third harmonic, 175,000 ohms. 

Arrangements (not shown in Fig. 1) were also made for measuring 
higher harmonics than these, by changing the inductance Zi;, and by 
retuning Ci; Each thermo-couple could be connected successively 
to a Leeds and Northrup galvanometer, and the deflection of the latter 
indicated the root-mean squate value of the alternating current passing 
through the heater.. Previous to placing the thermo-couples in the 
circuits, they were calibrated using alternating current (60 cycles). It 
will be seen that the harmonic analyzer is essentially a voltage amplifier, 
picking out each frequency in the producer and magnifying its voltage. 
For this reason a tube with a large voltage amplification constant was 
chosen, in fact the value of u as given by equation (4) was 26. 
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Let J; = the maximum current in the fundamental circuit. 


Let R; = the effective resistance. 
Let Ry = the internal output resistance of the .V tube. 
Therefore RiJ; = e.m.f. across Ls. 
Lete =e.m.f. across FG. 
Let uw! = actual voltage amplification factor. 
wR, _ 26 X 120,000 





Therefore pu! = 20.8. 


~ Ro+ Ri 29,250 + 120,000 


Therefore e — Rili _ 120,000 X Ii 
20.8 20.8 





Let r resistance of FG. 
Leti = amplitude of current of fundamental frequency 
passing through FG. 


120,000. I; (15) 


Therefore ri =eand1 = —— 
20.8 Xr 


Thus knowing J; from the galvanometer deflection, and r from the 
Wheatstone Bridge, the value of 7 can be determined. For the case 
worked out above 7 represents the amplitude of the fundamental fre - 
quency produced by a pure sine wave impressed on the grid of a tube 
having a pure resistance load in the plate circuit. Similarly, by measur- 
ing the currents in the other tuned circuits we can work back to the 
equivalent current in the harmonic producer. 

When the resistance EF is replaced by an inductance, a portion FG 
of the inductance is used to obtain the input on the grid of the analyzer. 
In this case it will be noted that EF offers twice as much impedance to 
the first harmonic, three times as much to the second harmonic, and so 
on. This makes it possible to measure weaker harmonics than in the 
case of the resistance. The inductance of GF in this experiment was 
0.0587 milli-henry, whereas the whole inductance of EF was 2.14 milli- 
henries. The input impedance of the analyzer to which EF was at- 
tached was of the order of 50,000 ohms at 200,000 cycles per sec., whe reas 
the impedance of .0587 henry is only 74 ohms. This showst hat the 
impedance of the analyzer was practically short-circuited by the coil 
FG, and consequently did not affect the nature of the external circu it of 
the producer. For measurement of large output current values, the 
value of FG was reduced to 0.04 M.H. To obtain, say the amplitude 
of the fundament current with the inductance, we have an equati on 
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analogous to (15), 


120,000 I 
20.8 (lw) ’ 


where / is the inductance of FG and w = 2 x X the frequency. 


EXPERIMENTAL RESULTS. 


The following constants for the 205-B tube were determined from its 


static characteristic. A = .554 X 10°, e€ = 7.5 volts,u =6.7. For 
= 260volts, E, = — 7.5 volts, Ry = 1/2 A (Ex + wp E. + €) = 3,570 ohms. 
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Fig. 2 


Resistance in Plate Circuit—When a resistance of 2,700 ohms was 
placed in series with the plate, and the value of E, reduced to 200 volts, 
the plate current was 21.5 milliamperes. Using these values of poten- 
tial and resistance the curves shown in Fig. 2 were obtained. The ampli- 
tude of the input e.m.f. was varied from o up to 50 volts. The latter 
maximum loaded the tube rather heavily, and the larger currents were 
maintained just long enough to obtain the necessary readings. 

Keeping the e.m.f. of the input at 15 volts, the actual plate potential 
at 200 volts, and varying the static grid potential the curves in Fig. 3 
were obtained, for ranges of E. between — 30 and + 12 volts. 

With a static voltage of — 7.5 on the grid and the alternating e.m.f. 
kept at 15 volts, the variation of the harmonics with plate voltage was 
determined, as in Fig. 4. 
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Fig. 5 represents the wave-shape of the plate current obtained when a 
pure sine wave e.m.f. of 15 volts is impressed on the grid, the plate and 
grid potentials being the same as stated above. The fundamental and 
first harmonic are the only components included in the wave-shape. The 
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amplitudes of the other harmonics are too small to be shown on the same 
scale. Fig. 5 also shows the dynamic characteristic for this case, where 
the wave-shape thus obtained is plotted against the alternating input 
voltage. . 

In Fig. 6 the variation of the harmonics with the value of the external 
resistance is shown. 

Inductance in Plate Circuit—Exactly similar experimental procedure 
was undertaken for the inductances. A higher plate voltage and plate 
current was used here, since there were no delicate platinized quartz fibers 
to be dealt with. For this case 
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Fig 7 


The reactive load in the plate circuit was 2,700 ohms. Fig. 7 shows 
the variation of the harmonics with the alternating e.m.f. on the grid, 
under the conditions given above. 

In Fig. 8 is shown the variation of the harmonics with the value of 
the static grid potential, the alternating input e.m.f. being constant at 
20 volts, and the plate voltage being 250 volts. Fig. 9 shows how the 
variation of the static plate voltage affects the values of the harmonics. 

The curves of Fig. 10 give the variation of the harmonics with the 
magnitude of the inductance in the plate circuit. 

Fig. 11 represents the wave shape, using only the values of the fun- 
damental and first harmonic. 
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Fig. 11 also represents the dynamic characteristics for this case, the 
area of this loop being proportional to the amount of energy delivered. 
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DISCUSSION OF RESULTs. 


The theoretical curves as shown in the various figures, are plotted from 
the values of the coefficients given by equations (3) and (8). In the case 
of the resistance the experimental fundamental values check up very 
closely with the theoretical values up to an input voltage of fifteen volts. 
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Beyond that voltage equation (3) no longer accurately represents con- 
ditions. It will be noticed that the maximum positive potential to which 
the grid is raised in this operation is 7.5 volts. Fig. 5 shows that at this 
voltage the static characteristic begins to flatten out, due to the passage 
of electrons to the grid instead of to the plate. For voltages higher than 
fifteen the theoretical first and third harmonics fall below the experi- 
mental values, whereas the second harmonic is greater than the experi- 
mental values would indicate. This would seem to be due to the flat- 
tening out of the wave at the upper end of the characteristic. In the 
case of the inductance good agreement between theoretical and experi- 
mental values were found for input voltages as high as 20 volts. This 
is due to the fact in this case that the operation was carried out over the 
250-volt static characteristic, and it will be seen from Fig. 11 that this 
curve does not begin to flatten out until a positive grid voltage of ten 
volts is reached. This point of operation coincides with the maximum 
positive voltage to which the grid was raised with an input e.m.f. of 
20 volts, E. being — 10 volts. 

The curves of Figs. 3 and 8 show, in an emphatic manner, that the 
further we move towards the straighter portion of the static character- 
istic, the greater the fundamental becomes while the other harmonics 
continue to diminish. At — 40 volts the higher harmonics were still 
very much in evidence although the fundamental was rapidly approach- 
ing zero. The second harmonic in the resistance curves and the third 
in the inductance curves show rather peculiar irregularities. The sharp 
maxima and minima would at first seem to point to some sort of internal 
resonance in the tube. It will be noticed, however, that these are pro- 
duced by simply varying either the grid or plate potentials, and are 
probably due to irregularities in the static characteristic which are 
smoothed out in the ordinary process of plotting. It will be recalled 
that in the case of the resistance the coefficient of the second harmonic 
is principally determined by the value of the third derivative of the cur- 
rent function. A small unnoticeable irregularity in the static charac- 
teristic might produce a large variation in the third derivative, and this 
effect is magnified by this method of analysis. In the case of the induc- 
tance the coefficients cannot be expressed as simple derivatives, but some 
such explanation as that given above will probably hold good here also. 

The curves of Figs. 4 and 9 show that the greater the plate potential 
the greater the fundamental becomes while the harmonics continue to 
diminish. Beyond a certain plate potential, about 300 volts, the funda- 
mental becomes nearly constant in value. The curves which exhibited 
the irregularities in the .grid-variation series, also exhibit similar irregu- 
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larities here. Further they occur at the same value of (E, + uE-) 
showing that the effect is independent of whether the grid or plate poten- 
tial is increased provided the sum as given is the same. 

The curves of Figs. 6 and 10 show how the harmonics depend on the 
external impedance. Using this method of analysis it was impossible 
to use an impedance much less than 500 ohms. Even at this value, the 
input impedance of the analyzing tube cannot be neglected. Hence, 
beyond the first harmonic the experimental and theoretical curves do 
not agree very closely in this region. Although the experimental curves 
show signs of flattening out at this low impedance, they should have been 
rapidly approaching zero. For zero resistance or inductance, the funda- 
mental and first harmonic have the values given by equation (2a), and 
all the other harmonics are zero, which is also in accordance with the 
same equation. 

If all the harmonics were neglected the wave-shape for the resistance 
would be a pure sine wave in phase with the impressed e.m.f. These 
two, when compounded, would give a straight-line dynamic character- 
istic. It may be seen that with a sufficiently high resistance in the plate 
circuit this condition may be nearly reached. However, if the higher 
harmonic were also taken into consideration, the dynamic characteristic 
would be no longer linear but would have a curvature, which would be 
much less than that of the static curve. With the inductance, if all but 
the fundamental had been neglected the current would have been a pure 
sine wave lagging behind the impressed e.m.f. by an angle 6 = tan~/p/R. 
The dynamic characteristic under those conditions would have been an 
ellipse. Addition of the other harmonic components tends to flatten 
out the sine wave, and consequently distort the purely elliptical charac- 
teristic. 

In calculating the theoretical values of the coefficients of the various 
harmonics, up to a range of 15 or 20 volts, the coefficients of the funda- 
mental were practically proportional to the first power of the applied 
e.m.f.; the first harmonic was proportional to the second power; and so 
on. It was only for values of the input voltage beyond 20 volts that the 
more complicated expressions for the coefficients had to be evaluated. 

In conclusion, the writer wishes to express his very sincere thanks to 
the Western Electric Company, Inc., of New York, for their kindness in 
loaning necessary tubes and vacuum thermo-couples, and also to Profes- 
sor W. F. G. Swann of this department for his many helpful suggestions 
and criticisms and his invaluable encouragement at all times. 
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Erratum:— Vol. XIX, p. 61. 


Paul E. Klopsteg. Title should read: 


Measurement of Time Intervals with a Galvanometer having Fluxmeter 
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Students’ 


Potentiometer Outfit 


The potentiometer unit of this outfit was designed for purposes of instruction 


in the theory and use of the potentiometer. 


This potentiometer is particularly suited for student use, because: 


It is simple and rugged in construction, yet its accuracy of 
measurement is such as to compel respect for this method. 


It requires the assembly of the units essential for a complete 
set-up, which is a feature of decided educational value. 


It may be used as a simple Kohlrausch slide wire with the 
other necessary apparatus for such studies as the conductivity 


of electrolytes. 


The accessory units may be used in the laboratory, individually 
or in set-ups, for many other purposes—they are all familiar 


pieces of apparatus. 


The price of the outfit illustrated, not including the dry cells, switch and 
glassware, is $166.00. For measurements of potential only, a simplified outfit 
without the combination Kohlrausch slide-wire feature in the potentiometer, and 
a less expensive rheostat in place of the dial resistance box, can be supplied for 


$127.00. 


Bulletin P765 describes the Students’ Potentiometer. 





Leeds & Northrup Company 


Electrical Measuring Instruments 


4901 Stenton Avenue 


Philadelphia, Pa. 




























THE PHYSICAL REVIEW 
INFORMATION FOR CONTRIBUTORS 





t. The purpose of the Review is to publish articles that add to our knowledge of experimentai 
er theoretical physics. Such articles may be submitted by American and other physicists, 
whether members of Toz American Puysicat Society or not, but no article will be considered 
unless the manuscript is in English and in a form ready for publication. No communication sent 
as a letter to the editor is published, nor is any communication which is more of personal than of 
scientific interest. 

All correspondence relating to contributions should be addressed to Tuz Puysicat Review, 
Ithaca, N. Y. Manuscripts will be acknowledged as soon as received. Articles submitted for 
publication in the Rzvizw are not to be submitted for publication elsewhere unless the authoriza- 
tion of the editors has been obtained, and proper reference to the Review is made. Manuscript 
should be ready for the printer; the editors cannot assume responsibility for its correctness. 
The presentation should be as concise as is consistent with clearness; all unnecessary duplica- 
tion of data in table and in curves is to be avoided, and tabular matter should be introduced 
in extenso only when the exact numerical values affect the value of the paper. It is requested 
that the metric system be used in all cases. Whenever the value of a quantity is expressed in 
any other system, its value in the metric system should be added in parenthesis. Every article is 
to be preceded by a synopsis; see following page. 

To insure prompt attention during the summer, manuscripts should be submitted by June 15. 


2. Illustrations should be in black and white and should be ready for direct reproduction; 
such illustrations will be made without expense to the author. The ink used in preparing illus 
trations should be jet black. Curves can be satisfactorily reproduced when plotted on plain 
paper or on blue-lined-section paper; co-ordinates may be ruled in black at desired intervals, 
for example every centimeter or every inch. Blue lines are not reproduced photographically; 
colors other than jet-black and blue should be avoided. The material in an illustration should 
be compactly arranged; when it is much spread out, a greater reduction is necessary in repro- 
duction. Lettering on illustrations should be plain and of sufficient sise to be legible after 
reduction and should be complete (including designation of co-ordinates), requiring no printing 
from type except in the descriptive caption beneath. 

It is generally desirable to refer to aij illustrations as “ figures,” designated by one con- 
secutive series of numbers. The location of each figure should be marked in the manuscript, 
together with any caption which is to be printed beneath it. 

3. A proof of each contributed article will be sent to the author, if in America, for his 
approval. This is to afford opportunity for making corrections and rot for extensive changes; 
such changes, if made, may be charged to the author. It is requested that all proof be returned 
promptly. When proof is not so returned, after thirty days an article may be printed without 
proof-reading by the author. 

Authors should note that cross reference can not well be made by page number, for a change 
in paging is often necessary in the final make-up; such references should be avoided. 

Proof of abstracts of papers read at meetings of the Physical Society can not always be sub- 
mitted to authors; in the case of abstracts, therefore, it is particularly important that the manu- 
script be free from error. In revising proof of abstracts, authors, should correct any errors of 
the printer, but should make no changes that will affect the arrangement of paging. 

4. Offprints, ordered by the author on the proper form with return of proof, will be furnished 
by the printer according to the prices given below. Any special instructions in regard to offprints 
—special title page, etc.,—should be indicated on the order to the printer (or attached thereto) 
and not as a letter to the editors. (Further inquiries in regard to offprints may be addressed to 
The New Era Printing Co., Lancaster, Pa.) Prices subject to revision. 


FRICE LIST FOR REPRINTS 



































4PP. | 8pp. | 12pp. | r6pp. | 20pp. | 24pp. | 28pp. | 32pp. | 48pp. 64pp. 
25 copies..... $1.40| $2.46| $3.65| $4.40] $5.65] $6.50] $8.00] $8.45] $12.55] $15.90 
50 “* .....[ 1.65] 2.900] 4.25] 5.10] 6.65] 7.75] 9.40] 9.35] 14.15] 17.35 
eT weds 1.95| 3-35| 4-85] 5.65] 7.60] 8.75] 10.45] 11.25] 15.65 19.95 
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200 “ ...../ 3-50] 5.05] 7.15| 8.35] 11.40] 13.50] 15.80] 16.85] 23.55] 29.60 
goo ** .....) 3-85] 6.20] 9.20] 10.70] 14.85] 17.55] 20.50| 21.05] 30.20] 37.40 














Covers with title, date and dati of is.w¢ of the Review will be furnished at the following rates: 
25 for $1.75; «dditional covers, 1% c. at. Plates 100 for $1.00. 
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Cambridge Extensometer 


for 
measuring the elastic extension and 
modulus of elasticity of specimens of 


metal under tensile load. 


Reliable to about ;jq, millimeter 


Full particulars in List No. 75 A. 





The Cambridge and Paul Instrument Co, Ltd. 


Works:—London and Cambridge, England. 


Head office and showrooms: 


45 Grosvenor Place, London, S. W. 1, England. 




















Physical Apparatus 








Pending the preparation of a 
new Catalogue, Customers 
are requested to make use of 
the pre-war list, Scientific 
Handcraft, xivth Edition, for 


purposes of reference. 


JOHN J. GRIFFIN & SONS 


Makers of Physical, Electrical & Scientific Instruments 
KEMBLE ST. KINGSWAY LONDON, W. C. 
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No. 610 Model of the Atom 


Designed According to the Suggestions of 
PROF. R. R. RAMSEY, Indiana University, Bloomington, Indiana 
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The atom consist8 essentially of a coil with an iron core mounted vertically, above which is a tray with 
electrodes so placed that when current is sent through mercury placed within the tray, the current flows 
radially toward or away from the center. This produces a magnetic field and a current at right angles and 
consequently there will be motion in the third direction and the mercury will rotate. 

The tray is connected to a storage battery. A carbon rheostat may be inserted in circuit to vary[the 
current and it is advisable to have an ammeter to measure the current. The current should be from 2 to 
5 amperes. 

The coil is best operated by connecting to a 110 volt lighting circuit with a bank of lamps for resistance 
and the ammeter may be inserted for measuring the current. This current should take from 2 to 5 amperes 
also. 

The amount of current necessary will depend on the adjustments and should be varied so as to get the 
best operative conditions. 

Two balls placed on the rotating surface alternately rotate in elliptical orbits about each other. 

Three balls rotate in ellipses about each other but the motion is more complicated and more difficult 
to follow. 

A larger number of balls form a ring which rotates as a fixed, stable form. 

Various stable forms, such as a ring with one or more balls in the center, or one or more rings may be 
formed. Other phenomena, such as, the breaking apart of a stable form by means of concentrating the 
lines of force through a ring outside and the illustration of radioactive matter, etc., may be shown. 

A booklet of instructions describing the apparatus in detail and many atomic phenomena that may be 
illustrated, will be sent upon request. 

Bulletins of other apparatus recently developed and illustrating some of the more recent developments 
of science will be sent upon request. 








VALITY. 


cA Sign of Quality WEEILC Chi cA Mark of Service 
W. M. WELCH SCIENTIFIC COMPANY 


Manufacturers, Importers and Exporters of 
Scientific Apparatus and School Supplies 


CHICAGO, ILL., U. S. A. 




















1516 Orleans Street 
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THE PHYSICAL REVIEW 


PREPARATION OF SYNOPSES 
Revised, May, 1920 


Every article in THE Puysicat Review is to be preceded by a synop- 
sis prepared by the author and submitted by him with the manuscript. 
The synopsis is intended to serve as an aid to the reader by furnishing an 
index and brief summary or preliminary survey of the contents of the 
article ; it should also be suitable for reprinting in an abstract journal so 
as to make a reabstracting of the article unnecessary. The synopsis 
should, therefore, summarize the information completely and precisely. 
Furthermore, in order to enable a reader to tell at a glance what the ar- 
ticle is about and to enable an efficient index of its subject matter to be 
readily prepared, the synopsis should contain a set of subtitles which to- 
gether form a complete and precise index of the information contained 
in the article. This requires at least one and often several subtitles even 
for a short synopsis. 


In the preparation of synopses, authors should be guided by the fol- 
lowing rules, which are illustrated by the synopses in the PuysicaL Re- 
view for January, February and March, 1920.* The new information 
contained in an article should first be determined by a careful analysis ; 
then the subtitles should be formulated; and finally the text should be 
written and checked. 


Rules 


1. Material not new need not be analyzed or described; a valuable summary of 
previous work, however, should be noted. 


2. The subtitles should together include all the new information; that is, every 
measurement, observation, method, improvement of apparatus, suggestion and theory 
which is presented by the author as new and of value in itself. 


3. Each subtitle should describe the corresponding information so precisely that 
the chance of any investigator being misled into thinking the article contains the 
particular information he desires when it does not, or vice-versa, may be small. 
“X-ray patterns of metals” is too broad unless all metals have been studied, for 
an investigator may be interested, at the time, in only one metal; but “ X-ray pat- 
terns of aluminum, effect of rolling” evidently satisfies this rule. It is particularly 
desirable that ranges of variation of temperature, wave-length, pressure, etc., be 
given in the subtitle. 


General subtitles, such as “Object” or “ Results,” should not be employed, as 
they do not help to describe the specific information given in the article. 


4. The text should summarize the author's conclusions and should transcribe 
numerical results of general interest, including those that might be looked for in a 
table of Fp ape and chemical constants, with an indication of the accuracy of each. 
It should give all the information that anyone, not a specialist in the particular field 
involved, might care to have in his note book. 


_ _§. The text should be divided into as many paragraphs as there are distinct sub- 
jects concerning which information is given. Parts of subtitles may be scattered 
through the text but the subject of each paragraph, however short, must be indi- 
cated at the beginning. 


6. Complete sentences should be used except in the case of subtitles. The 
synopsis should be made as readable as the necessary brevity will permit. 


*The rules and illustrative synopses were prepared by G. S. Fulcher of the 
National Research Council. 
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RADIO 





ew 


Type 231A 


AMPLIFYING TRANSFORMER 


PRICE $5.00 


Send for Bulletin 911P 


When you require radio apparatus 
for the laboratory or for your home, 
remember that the GENERAL RADIO 
COMPANY is one of the oldest com- 
panies in the radio manufacturing field. 
For years we have been supplying the 
college, commercial, and government 
laboratories with radio equipment. 


Now that the demand for radio 
instruments has become almost a craze, 
do not forget that our instruments were 
designed under normal conditions, and 
that for years we have maintained a 
research laboratory and engineering staff 
to study their development. 


GENERAL RADIO CO. 


Manufacturers of Electrical and Radio Laboratory Apparatus 
MASSACHUSETTS AVENUE and WINDSOR STREET 


CAMBRIDGE 39 


MASSACHUSETTS 

















THE WAY TO BETTER LIGHT 
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SOCIETE GENEVOISE 
_ D’ INSTRUMENTS DE PHYSIQUE 


Spectroscopic Equipment 


CHEMISTS’ AND GENERAL LABORATORY SPECTROMETERS 
IMPROVED PRECISION SPECTROMETERS 
ACCESSORIES FOR ULTRA-VIOLET, INFRA RED AND 
POLARIZED LIGHT, AND PHOTOGRAPHY 
X-RAY SPECTROGRAPH 

NEW LARGE QUARTZ SPECTROGRAPH 


SIMPLIFIED SPECTROGRAPHIC COMPARATOR 
Capacity—9 by 12 cm. plates 
LARGE SPECTROGRAPHIC MEASURING MACHINE 
Capacity—Plates up to 40 cm. long 





Write now for details of instrument you are interested in 


ROY Y. FERNER 


Representative in U. S. A. in the Sale of Scientific Apparatus 


1410 H St., N. W., Washington, D.C. 














NEW SERIES OF 


Reflecting 
Galvanometers 


Of the moving coil type, these instru- 
ments are deadbeat, of high sensitivity and 
great mechanical strength. The suspension 
is particularly strong and the galvanometer 
unit readily removable from its case for in- 
spection. 


Descriptive pamphlet sent on request 


List No. Resistance Period Def. per Micro 





h Amp. 
7925 1z2ohms. 4secs. oO mm. 
7926 50 ohms, 4secs. 120 mm. 
7927 100 ohms. 6secs. 250 mm. 
Ballistic 300 mm. per 
7929 850 ohms. 4s€cs. “micro coil. 


Price Delivered in U. S. A. $22 
Duty, if any, payable by Purchaser 





List No. 7925—9 (4 full size) 


W. G. PYE & CO. CAMBRIDGE, ENG. 















Chemical Spectrometer 





A novel and convenient spectrometer designed 
for chemical analysis. Reading accurately in 
wave-lengths direct to an average accuracy of 
0.15 micro-millimetres (1.5 Angstrom units). 
Always ready and capable of hard and continued 
use without liability to damage. Delivery from 
stock. Descriptive leaflet post free on applica- 
tion to the makers. 


ADAM HILGER, Limited 


75a Camden Road 
LONDON, N.W. 1 ENGLAND 























AMERICAN-MADE WAVELENGTH SPECTROMETERS 


a - hinge po 2 ae ge Features: 

s become an essential adjunct to the we _ 

equipped Laboratory. Its convenience, accu- ad ee THE INSTRUMENT. The 
racy and sturdy construction make the Wave- ~~ fh F a pod ell poy a 
length Spectrometer an ideal instrument for composite parts have been reduced to a minimum 


spectrum and color analysis. by joining as many as practicable in a single 
GAERTNER SPECTROMETERS embody casting, at the same time giving the Spec- 
the results of upward of twenty-five years of trometer a graceful appearance. 


experience gained in the construction of pre- 2—ACCURACY IN CALIBRATION. 
cision optical instruments. Greatest care is taken in calibrating the wave- 
Prompt Delivery On Standard Instruments length drum in order to insure the highest 


Our Specially Designed possible accuracy. 
ULTRAVIOLET AND INFRARED SPEC- EASY READING OF DRUM. | The 


divisions are sufficiently heavy and distinct 
R R 
are useful for py A A very = = figures ample and spaced to best 
valuable combination in conjunction with the pap cca 
Wavelength Spectrometer is the improved 4—ESSENTIAL PARTS INCLUDED. 


Protection cap for prism— 

Leveling screws in tripod— 

Bilateral micrometer slit— 
Extra high power eyepiece— 
are furnished with the in- 
strument and included in pur- 
chase price. 


NUTTING PHOTOMETER 
Correspondence invited 












LABORATORY APPARATUS 

INSTRUMENTS OF PRECISION 

UNIVERSAL LABORATORY 
SUPPORTS 


WM. GAERTNER & CO. 


5345-49 Lake Park Avenue 
CHICAGO, U.S.A. 
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Cross Section Papers 





@ There is only one way to secure 
first class results. You must have 
good men and good materials. 


@ Our Cross Section Papers are the 
right thing in materials. The paper 
is “all rag’’ paper. It lasts. The 
cross section is accurate. 


CORNELL CO-OPERATIVE SOCIETY 
MORRILL HALL ITHACA, N. Y. 




















High Vacuum Pumps 


Whenever in lecture-room or laboratory practice, really high 
vacuum is required, we recommend the Condensation Pump devel- 
oped by Dr. Irving Langmuir of the General Electric Company— 
believing it to be superior to any other as yet obtainable, 

The Langmuir Pump operates with surprising rapidity, and there 
seems to be no practical limit to the degree of exhaustion that can 
be produced, 

Some form of auxiliary pump must be used; and for that 

purpose we offer a special G. E, two-stage oil-sealed 
mechanical pump, which is capable of producing a vacuum. 
of 0.001 mm. when used alone. 
The picture shows a complete outfit comprising Langmuir 
Condensation Pump, 
two-stage auxiliary 
pumpand ¥% H. P. motor 
—all mounted together 
on one base. 


Write for descriptive 
bulletin P965 















James G. Biddle 


1212-13 Arch Street 
Philadelphia 
















































G-E Research 
Laboratory, 
Schenectady, 
N.Y. 





10,000-volt, 100-rn.ae5 
D-C. Testing Set 








Scientific workers can very often profit by the experience of others who 
have made available the results of their investigations 





Do you require 
high-voltage, direct current? 


The G-E Research Laboratory has devel- 
oped an apparatus for producing direct 
current at pressures up to 200,000 volts, 
2kw. This outfit consists of a motor and 
2000-cycle alternator, transformers, 100,- 
000-volt condensers and kenotrons, and 
switchboard assembly. 


A small d-c. testing set, also embodying the 
use of the kenotron as a rectifier, is avail- 
able for supplying 100 milliamperes at 10,- 
000 volts. This outfit operates on any 110- 
volt, 60-cycle circuit. 


Laboratories, colleges or other institutions 
interested in research or other work requiring 
a high voltage, d-c., should communicate 
with the Supply Department, Schenectady 
Office. 


General@Electric 


General Office 


Compan 





Schenectady, N. Y. 

















A New Instrument— 


STEBBINS 
STRING 
ELEC- 
TROMETER 


This electrometer is made 
with the highest accuracy 
throughout. Adjustments 
are complete in every direc- 
tion. It was designed and is 
built for those who demand 
the utmost in such an instru- 
ment. 





It has the following outstanding 
features : 


1. Extremely small temperature 
coefficient. 


i) 


Ease of operation and accuracy 
of all adjustments. 


High sensitivity. 
Small capacity. 
Short period. 


nn > w&w 


Ease of shielding against ex- 
ternal e. m. f’s. 


7. Practically air-tight case. 


COMPLETE DESCRIPTION 
ON REQUEST 





Other Pyrolectric Electrometers : 


COMPTON QUADRANT ELEC- 
TROMETER; TYPE B QUAD- 
RANT ELECTROMETER; TYPE 
B STRING ELECTROMETER. 





Stebbins String Electrometer with 
front plate removed. The fibre is 
supported in a system of quartz 
and brass. 


PYROLECTRIC INSTRUMENT CO. 
ELECTRICAL PRECISION INSTRUMENTS 
636-640 East State Street TRENTON, N. J 
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THE STANSICO AUTOMATIC ELECTRIC 
DRIVEN TUNING FORK AND PRECISION 
FREQUENCY GENERATOR 


(Patent Pending) 


A new Instrument of Precision for operating 
Tuning Forks and Generating Constant Fre- 
quency A. C. up to 1000 cycles. No contacts on 
prongs. Fork free to vibrate at natural period. 
Has many applications for acoustic and elec- 
trical measurements. Send for Bulletin 17. 


STANDARD SCIENTIFIC COMPANY 


Makers of Scientific Instruments 
Cor. W. 4th and Barrow Sts., (Sheridan Square) NEW YORK 























FINE WIRE 


LESS THAN .o007” DIAMETER 


We are prepared to supply wire of the follow- 
ing metals and alloys drawn to very fine sizes. 


PLATINUM SILVER 
PALLADIUM COPPER 
GOLD ALUMINUM 
90% Platinum — 10% Rhodium 
60% Gold — 40% Palladium 


Made by the cored-wire (Wollaston) process— 
in jackets removable without damage to core. 


FULL DIRECTIONS SENT WITH WIRE. 


BAKER & CO.INC., NEWARK, N.J. 


























MORSE TWIST DRILL New Bedford, | 
& MACHINE COMPANY Mass. 
Makers of Twist Drills, Reamers, Cutters, Etc. 
TOOLS THAT PROVE THEIR WORTH. 














THE RESEARCH DEPARTMENT, RADIO CORPORATION OF 
AMERICA, has vacancies for a number of skilled research engineers 
or physicists. Men are desired with university or commercial radio 
research experience, able to plan and carry out independent experi- 
mental investigations in the fields of short and long distance wave 
transmission, radiotelephone receivers and transmitters, and kindred 
subjects. Write, including references to publications, experience, 
salary desired and time of availability, to the Director, Research 
Department, Radio Corporation of America, 140th Street and 
Convent Avenue, New York City. 











DISABLED 


Our repair department can assist you through this period of cutting expenses and 
stretching reduced appropriations by putting any disabled instrument into good, 
accurate, working order at a very reasonable cost. 

The personnel of this organization has had wide experience with both foreign and 
domestic precision instruments, and our equipment is capable of the finest accuracy. 
And do not hesitate to consult us about that special instrument— Physical or Elec- 
trical—you may need for unusual investigation. Rubicon Company is particularly 
qualified in men and machines for experimental and development work. 


RUBICON COMPANY 
923 Walnut Street Philadelphia 











International X-Ray Corporation 
326 Broadway, New York City. 


Scientific, Industrial and Medical Apparatus 
Manufacturers Research Laboratory 
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